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Introduction 



In this paper we establish a connection between the Quillen iC-theory of 
certain local fields and the de Rham-Witt complex of their rings of integers 
with logarithmic poles at the maximal ideal. The fields K we consider are 
complete discrete valuation fields of characteristic zero with perfect residue 
field k of characteristic p > 2. When K contains the p v -th. roots of unity, the 
relationship between the iT-theory with Z/p^-coefficients and the de Rham- 
Witt complex can be described by a sequence 

► K*(K,Z/p v ) -* Wuj* {AM) ®S z/p v([i p v) — ► W u)* AtM )®S z / p v(npv) — > ■■■ 

a 

which is exact in degrees > 1. Here A = Ok is the valuation ring and W cv? A M % 
is the de Rham-Witt complex of A with log poles at the maximal ideal. The 
factor Si/pv (n p v ) is the symmetric algebra of /j, p v considered as a Z/p^-module 
located in degree two. Using this sequence, we evaluate the if-theory with 
Z /^-coefficients of K. The result, which is valid also if K does not con- 
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2 LARS HESSELHOLT AND IB MADSEN 

tain the p v -th roots of unity, verifies the Lichtenbaum-Quillen conjecture for 
K, [26], [38]: 

Theorem A. There are natural isomorphisms for s > 1, 

K 2s (K,Z/p v ) = H°(K,v$>)®H 2 (K,$ a+1) ), 
K 2s ^(K,Z/p v ) = H\K,np). 



The Galois cohomology on the right can be effectively calculated when k 
is finite, or equivalently, when K is a finite extension of Q p , [42]. For m prime 
top, 

Ki(K,Z/m) =.K i (fc,Z/m)e.Ki_i(lfc,Z/TO) 

by Gabber-Suslin, [44], and for k finite, the -KT-groups on the right are known 
by Quillen, [36]. 

For any linear category with cofibrations and weak equivalences in the 
sense of [48], one has the cyclotomic trace 

tr: K(C) ^TC(C;p) 

from .Jf-theory to topological cyclic homology, [7]. It coincides in the case of 
the exact category of finitely generated projective modules over a ring with 
the original definition in [3]. The exact sequence above and Theorem A are 
based upon calculations of TC*(C;p, 7hjp v% ) for certain categories associated 
with the field K. Let A = Ok be the valuation ring in K, and let Va be 
the category of finitely generated projective ^4-modules. We consider three 
categories with cofibrations and weak equivalences: the category C^(Va) of 
bounded complexes in Va with homology isomorphisms as weak equivalences, 
the subcategory with cofibrations and weak equivalences C^(Va) q of complexes 
whose homology is torsion, and the category Cq(Va) of bounded complexes in 
Va with rational homology isomorphisms as weak equivalences. One then has 
a cofibration sequence of i^T-theory spectra 

K(C b (V A ) q ) -^ K(C b z (V A )) -^ K(C b q (V A )) -^ EK(C b z (T A ) q ), 

and by Waldhausen's approximation theorem, the terms in this sequence may 
be identified with the if-theory of the exact categories Vk, Va and Vk- The 
associated long-exact sequence of homotopy groups is the localization sequence 

of [37], 

. . . - Ki(k) -^ Ki(A) -^ K t (K) -^ Ki-iik) -» . . . 

The map d is a split surjection by [15]. We show in Section 1.5 below that one 
has a similar cofibration sequence of topological cyclic homology spectra 

TC(C b z (V A ) q ;p) -^ TC(C b (V A );p) -U TC(C b (V A ); P ) ^XTC(C b (V A ) q ; P ), 
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and again Waldhausen's approximation theorem allows us to identify the first 
two terms on the left with the topological cyclic homology of the exact cate- 
gories Vk and Va- But the third term is different from the topological cyclic 
homology of Vk- We write 

TC(A\K;p) = TC(C b q (V A );p), 
and we then have a map of cofibration sequences 

K(k) ^ K{A) -±> K(K) -^ ZK(k) 

I tr I tr I tr [ tr 

TC(k;p) ^U TC(A;p) -±> TC(A\K;p) -^ £TC(fc;p). 

By [19, Th. D], the first two vertical maps from the left induce isomorphisms 
of homotopy groups with Z/p^-coefficients in degrees > 0. It follows that the 
remaining two vertical maps induce isomorphisms of homotopy groups with 
Z/p^-coefficients in degrees > 1, 

tr.Ki(K,Z/p v ) -^TCi{A\K;p,Z/p v ), i > 1. 

It is the right-hand side we evaluate. 

The spectrum TC(C;p) is defined as the homotopy fixed points of an 
operator called Frobenius on another spectrum TR(C;p); so there is a natural 
cofibration sequence 

TC(C;p) -► TR(C;p) ^ TR(C;p) -> STC(C;p). 

The spectrum TR(C;p), in turn, is the homotopy limit of a pro-spectrum 
TR'(C;p), its homotopy groups given by the Milnor sequence 

-> lm^TR' s+1 (C;p) -> TR s (C;p) -> limTR;(C;p) -> 0, 

and there are maps of pro-spectra 

F:TR n (C;p) -► TR n_1 (C;p), 
^:TR n " 1 (C;p)-»TR n (C;p). 

The spectrum TR (C;p) is the topological Hochschild homology T(C). It has 
an action by the circle group T and the higher levels in the pro-system by 
definition are the fixed sets of the cyclic subgroups of T of p-power order, 

TR n (C;p) =T(Cfp n -\ 

The map F is the obvious inclusion and V is the accompanying transfer. The 
structure map R in the pro-system is harder to define and uses the so-called 
cyclotomic structure of T(C); see Section 1.1 below. 
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The homotopy groups TRl(A\K;p) of this pro-spectrum with its various 
operators have a rich algebraic structure which we now describe. The descrip- 
tion involves the notion of a log differential graded ring from [24]. A log ring 
(R, M) is a ring R with a pre-log structure, defined as a map of monoids 

a:M -► (R, •), 

and a log differential graded ring (E*,M) is a differential graded ring E* , a 
pre-log structure a: M — > £7 and a map of monoids dlog: M — ► (I? 1 , +) which 
satisfies d o dlog = and da(a) = a(a)dloga for all a G M. There is a 
universal log differential graded ring with underlying log ring (R,M): the de 
Rham complex with log poles ^*m M \- 

The groups TR^(A\K;p) form a log differential graded ring whose under- 
lying log ring is A = Ok with the canonical pre-log structure given by the 
inclusion 

a:M = AnK x -> A. 

We show that the canonical map 

uj{ AM) ^TRl(A\K;p) 

is an isomorphism in degrees < 2 and that the left-hand side is uniquely di- 
visible in degrees > 2. We do not know a natural description of the higher 
homotopy groups, but we do for the homotopy groups with Z/p-coefncients. 
The Bockstein 

TR\(A\K;p,Z/p) ^ p TR\(A\K;p) 

is an isomorphism, and we let k be the element on the left which corresponds to 
the class dlog(-p) on the right. The abstract structure of the groups TK^(A;p) 
was determined in [27]. We use this calculation in Section 2 below to show: 

Theorem B. There is a natural isomorphism of log differential graded 
rings 

u Ia,m) ®% Sf p {k} -^ TRl(A\K;p,Z/p), 

where dn = ndlog(-p) . 

The higher levels T~R™ (A\K ; p) are also log differential graded rings. The 
underlying log ring is the ring of Witt vectors W n (^4) with the pre-log structure 

M ^ A -> W n (A), 

where the right-hand map is the multiplicative section a n = (a, 0, . . . , 0). The 
maps R, F and V extend the restriction, Frobenius and Verschiebung of Witt 
vectors. Moreover, 

F:TR:(A\K;p) ^TRr\A\K;p) 



X 
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is a map of pro-log graded rings, which satisfies 

Fdlog n a = dlog n _! a, for all a G M = A n K 
Fda n = a^ l _ 1 da n _i, for all a € A, 

and V is a map of pro-graded modules over the pro-graded ring TKl(A\K;p), 

V:F*TRr 1 (A\K;p)->TR<:(A\K;p). 

Finally, 

FdV = d, FV = p. 

The algebraic structure described here makes sense for any log ring (R,M), 
and we show that there exists a universal example: the de Rham-Witt pro- 
complex with log poles W.ujJ rm ^. For log rings of characteristic p > 0, a 
different construction has been given by Hyodo-Kato, [23]. 
We show in Section 3 below that the canonical map 

W.u;I am) ^TR:(A\K;p) 

is an isomorphism in degrees < 2 and that the left-hand side is uniquely divis- 
ible in degrees > 2. Suppose that fu,v c K. We then have a map 

S z/p vM^TR;(A\K;p,Z/ P v ) 

which takes £ G // p « to the associated Bott element defined as the unique 
element with image d log. £ under the Bockstein 

TR- 2 (A\K;p,Z/p v ) ^ pV TR[(A\K;p). 

The following is the main theorem of this paper. 

Theorem C. Suppose that fx p v c K. Then the canonical map 

W. oj* {AM) 0z S z/p „(/v) "^ TK(A\K;p,Z/p v ) 

is a pro-isomorphism. 

We explain the structure of the groups in the theorem for v = 1; the 
structure for v > 1 is unknown. Let E* stand for either side of the statement 
above. The group E l n has a natural descending filtration of length n given by 

Fil s E l n = V s E l n _ s + dV s E^} s cE l n , < s < n. 

There is a natural k- vector space structure on E^, and for all < s < n and 
all i > 0, 

dim fc gr s ^ = e K , 

the absolute ramification index of K. In particular, the domain and range of 
the map in the statement are abstractly isomorphic. 
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The main theorem implies that for s > 0, 

TC 2s (A\K;p,Z/p v ) = H°(K,np)®H 2 (K,$ s+1) ), 
TC 2s+1 (A\K;p,Z/p v ) = H\K,np s+1) ), 

and thus, in turn, Theorem A. 

It is also easy to see that the canonical map 

K m (K,Z/p v )-+K?(K,Z/p v ) 

is an isomorphism in degrees > 1. Here the right-hand side is the Dwyer- 
Friedlander etale .ff -theory of K with Z //^-coefficients. This may be defined 
as the homotopy groups with Z/p^-coefficients of the spectrum 

K 6t (K) = holimW (G L/K ,K(L)), 

L/K 

where the homotopy colimit runs over the finite Galois extensions L/K con- 
tained in an algebraic closure K/K, and where the spectrum W(Gl/k, K(L)) 
is the group cohomology spectrum or homotopy fixed point spectrum of G^/x 
acting on K{L). There is a spectral sequence 

E% = H- s (K,$ t/2) ) => KfXt(K,Z/p v ), 

where the identification of the E^-term is a consequence of the celebrated 
theorem of Suslin, [43], that 

K t (K,Z/p v )=$ t/2 \ 

For K a finite extension of Q p , the p-adic homotopy type of the K (K) is 
known by [45] and [8]. Let F^f r be the homotopy fiber 

F^ r ->Zx BU ^-^ BU. 
It follows from this calculation and from the isomorphism above that: 

Theorem D. If K is a finite extension o/Q p , then after p- completion 

Z x BGL{K) + ~ Fm 9pa ~ ld x BFm 9pa ~ ld x U^ K: ^\ 

where d = (p — l)/\K(/j, p ) : K\, a = max{w | (i p v c K(/j, p )}, and where g £ Z* 
is a topological generator. 

The proof of theorem C is given in Section 6 below. It is based on the 
calculation in Section 5 of the Tate spectra for the cyclic groups C p n acting 
on the topological Hochschild spectrum T(A\K): Given a finite group G and 
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G-spectrum X, one has the Tate spectrum M(G,X) of [11], [12]. Its homotopy 
groups are approximated by a spectral sequence 

E% = H~ s (G,n t X) =► 7r s+t M(G,X), 

which converges conditionally in the sense of [1]. In Section 4 below we give a 
slightly different construction of this spectral sequence which is better suited 
for studying multiplicative properties. The cyclotomic structure of T(A\K) 
gives rise to a map 

f K :TR n (A\K;p) ->m(Cp*,T(A\K)), 

and we show in Section 5 that this map induces an isomorphism of homo- 
topy groups with Z/p^-coefficients in degrees > 0. We then evaluate the Tate 
spectral sequence for the right-hand side. 

Throughout this paper, A will be a complete discrete valuation ring with 
field of fractions K of characteristic zero and perfect residue field k of char- 
acteristic p > 2. All rings are assumed commutative and unital without fur- 
ther notice. Occasionally, we will write 7f*(— ) for homotopy groups with Z/p- 
coefficients. 

This paper has been long underway, and we would like to acknowledge 
the financial support and hospitality of the many institutions we have visited 
while working on this project: Max Planck Institut fur Mathematik in Bonn, 
The American Institute of Mathematics at Stanford, Princeton University, 
The University of Chicago, Stanford University, the SFB 478 at Universitat 
Munster, and the SFB 343 at Universitat Bielefeld. It is also a pleasure to 
thank Mike Hopkins and Marcel Bokstedt for valuable help and comments. 
We are particularly indebted to Mike Mandell for a conversation which was 
instrumental in arriving at the definition of the spectrum T(A\K) as well as 
for help at various other points. Finally, we thank an unnamed referee for 
valuable suggestions on improving the exposition. 

1. Topological Hochschild homology and localization 

1.1. This section contains the construction of TR n (A\K ; p) . The main 
result is the localization sequence of Theorem 1.5.6, which relates this spec- 
trum to TH n (A;p) and TR n (/c;p). We make extensive use of the machinery 
developed by Waldhausen in [48] and some familiarity with this material is 
assumed. 

The stable homotopy category is a triangulated category and a closed sym- 
metric monoidal category, and the two structures are compatible; see e.g. [22, 
Appendix]. By a spectrum we will mean an object in this category, and by a 
ring spectrum we will mean a monoid in this category. The purpose of this sec- 
tion is to produce the following. Let C be a linear category with cofibrations 
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and weak equivalences in the sense of [48, §1.2]. We define a pro-spectrum 
TR'(C;p) together with maps of pro-spectra 

F:TR n (C;p) -» TR"" 1 ^;?), 
V: TIC 1 - 1 (C;p) -» TR n (C;p), 
fi:Sl/\TR n (C;p) -► TR n (C;p). 

The spectrum TR (C;p) is the topological Hochschild spectrum of C. The 
cyclotomic trace is a map of pro-spectra 

tr.K(C) -► TR' (C;p), 

where the algebraic If -theory spectrum on the left is regarded as a constant 
pro-spectrum. 

Suppose that the category C has a strict symmetric monoidal structure 
such that the tensor product is bi-exact. Then there is a natural product on 
TR'(C;p) which makes it a commutative pro-ring spectrum. Similarly, K(C) 
is naturally a commutative ring spectrum and the maps F and tr are maps of 
ring-spectra. 

The pro-spectrum TR"(C;p) has a preferred homotopy limit TR(C;p), and 
there are preferred lifts to the homotopy limit of the maps F, V and ji. Its 
homotopy groups are related to those of the pro-system by the Milnor sequence 

-► WTR; +1 (C;p) -» TR s (C;p) -» limTR;(C;p) -► 0. 

There is a natural cofibration sequence 

TC(C;p) -► TR(C;p) -^-^ TR(C;p) -» STC(C;p), 

where TC(C;p) is the topological cyclic homology spectrum of C. The cyclo- 
tomic trace has a preferred lift to a map 

tr: K(C) ^TC(C;p), 

and in the case where C has a bi-exact strict symmetric monoidal product, 
the natural product on TH'(C;p) have preferred lifts to natural products on 
TR(C;p) and TC(C;p), and the maps F and tr are ring maps. 

Let G be a compact Lie group. One then has the G-stable category which 
is a triangulated category with a compatible closed symmetric monoidal struc- 
ture. The objects of this category are called G-spectra, and the monoids for 
the smash product are called ring G-spectra. Let H C G be a closed subgroup 
and let WhG = NqH/H be the Weyl group. There is a forgetful functor which 
to a G-spectrum X assigns the underlying i7-spectrum UhX. We also write 
\X\ for Ui]\X. It comes with a natural map of spectra 

Hx-G + A |X| -> |X|. 



ON THE K-THEORY OF LOCAL FIELDS 9 

One also has the if -fixed point functor which to a G-spectrum X assigns the 
W^G-spectrum X H . If H C K C G are two closed subgroups, there is a map 
of spectra 

,K.\ V K\ lyifl 

L H- l A I "~ * l A I) 

and if |.K" :H\ is finite, a map in the opposite direction 

K.\ Y H\ \vK\ 

t h :\X \->\X |. 

If X is a ring G-spectrum then UhX is a ring if -spectrum and X H is a ring 
WqH -spectrum. 

Let T be the circle group, and let C r C T be the cyclic subgroup of order r. 
We then have the canonical isomorphism of groups 

p r :T-Z->T/C r = WrC r 

given by the r-th root. It induces an isomorphism of the T/C r -stable cat- 
egory and of the T-stable category by assigning to a T/C r -spectrum Y the 
T-spectrum p*Y. Moreover, there is a transitive system of natural isomor- 
phisms of spectra 

ip r : \p*Y\ -^ \Y\, 

and the following diagram commutes 

T + A \p*Y\ -^ \p*Y\ 

pAip r ip r 

T/C r+ A \Y\ -^ \Y\. 
We will define a T-spectrum T(C) such that 

TR n (C;p) = \p* n - 1 T(C) c » n - 1 \ 
with the maps F and V given by the composites 



f = ^l 2 ^::> p n- i: \ P ; n ^T(cf^ i -+ \p; n - 2 T(cf P 



C„n- 



V = <pfi-iT c %: 2 ¥y- 2 : \p* pn - 2 T(C) V- 2 1 - |p;„_iT(C) v- 1 1, 
and the map fi given by 



CLn — 1 I . I „* rn{/~l\C p n — l 



» = *V Ttcfp^ : T + A l^-i^^) ""- 1 1 - |p;„-iT(C) 

There is a natural map 

K(C) -» T(C) T , 

and the cyclotomic trace is then the composite of this map and 92^ 

The definition of the structure maps in the pro-system TR'(C;p) is more com- 
plicated and uses the cyclotomic structure on T(C) which we now explain. 
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There is a cofibration sequence of T-CW-complexes 

E + -> S° -> E -» ££+, 

where E is a free contractible T-space, and where the left-hand map collapses 
E to the nonbase point of S°. It induces, upon smashing with a T-spectrum T, 
a cofibration sequence of T-spectra 

E + AT^T^EAT^ T.E+ A T, 

and hence the following basic cofibration sequence of spectra 

\p* p n(E + A T) C ' n | -» |/9;„T c p" | -» ^(S A T) c * n | -> S|/>;„( J B + A T)^" |, 

natural in T. The left-hand term is written M.(C p n,T) and called the group 
homology spectrum or Borel spectrum. Its homotopy groups are approximated 
by a strongly convergent first quadrant homology type spectral sequence 

E\ t = H s (C p n,7T t T) =$► TT s+t M.(C p n,T). 

The cyclotomic structure on T(C) means that there is a natural map of 
T-spectra 

r:p* p (EAT{C)f» -► T(C) 

such that Uc a r is an isomorphism of C p » -spectra, for all s > 0. More generally, 
since 

p* pn (E A T(C)f> = P ; n -i( P ;(E A T{C)) C *f^ , 

the map r induces a map of T-spectra 

r n+1 : p* pn {E A T(C)) c * n -> p^TiCf^ 

such that C/c s ^n+i is an isomorphism of C p s-spectra, for all s > 0. The map 

R:TR n (C;p) -> TR n_1 (C;p) 

is then defined as the composite 

\pl n - 1 T(C) C " n - 1 \^\pl n - 1 (EAT(C)f'' n - 1 \ -^ |p;„_ 2 T(C)^"- 2 |, 

where the left-hand map is the middle map in the cofibration sequence above. 
We thus have a natural cofibration sequence of spectra 

H.(C p „-i,T(C)) ^TR n (C;p) -^ TR"- 1 ^;^) -^ SH.(C p „-i,T(C)). 

When C has a bi-exact strict symmetric monoidal product, the map r is a 
map of ring T-spectra, and hence R is a map of ring spectra. The cofibration 
sequence above is a sequence of TR ra (C;p)-module spectra and maps. 

For any T-spectrum X, one has the function spectrum F(E + , X), and the 
projection E + — ► S° defines a natural map 

T X^F(E + ,X). 
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This map induces an isomorphism of group homology spectra. One defines the 
group cohomology spectrum and the Tate spectrum, 

H'(C>,X) = \p* pn F(E + ,Xfp n l 
W(C pn ,X) = \p* pn (E/\F(E + ,X)) c >\. 

Their homotopy groups are approximated by homology type spectral sequences 

E\ t = H~ s {C p n,n t X) => 7T s+t M-(C p n,X), 

E\ t = H- S (C p n,7T t X) => 7T s+t M (C p n,X), 

both of which converge conditionally in the sense of [1, Def. 5.10]. The latter 
sequence, called the Tate spectral sequence, will be considered in great detail 
in Section 4 below. Taking T = F(E + ,X) in the basic cofibration sequence 
above, we get the Tate cofibration sequence of spectra 

M.(C p n,X) ^M'(C pn ,X) -^M(C p n,X) ^TM.{C p n,X). 

Finally, if X = T(C), the map 

T T(C) - F(E + ,T(C)) 
induces a map of cofibration sequences 

U.(C p n,T(C)) -?U TR n+1 (C;p) -^ TR n (C;p) -^ EH. (C P »,T(C)) 



J' 



H.(C P »,T(C)) ^ H"(C p n,T(C)) -^ M(C P ~,T(C)) ^U TM.(C p n,T(C)), 

in which all maps commute with the action maps [i. Moreover, if C is strict 
symmetric monoidal with bi-exact tensor product, the four spectra in the mid- 
dle square are all ring spectra and R, R , T and T are maps of ring spectra. 
In this case, the diagram is a diagram of TR n+1 (C;p)-module spectra, [19, pp. 

71-72]. 

1.2. In order to construct the T-spectrum T(C) we need a model cate- 
gory for the T-stable category. The model category we use is the category of 
symmetric spectra of orthogonal T-spectra, see [31] and [21, Th. 5.10]. We 
first recall the topological Hochschild space THH(C). See [7], [10] and [19] for 
more details. 

A linear category C is naturally enriched over the symmetric monoidal 
category of symmetric spectra. The symmetric spectrum of maps from c 
to d, Hom c (c, d). is the Eilenberg-MacLane spectrum for the abelian group 
Home (c,ci) concentrated in degree zero. In more detail, if X is a pointed 
simplicial set, then 

Z(X) = Z{X}/Z{x } 
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is a simplicial abelian group whose homology is the reduced singular homology 
of X. Here Z{X} denotes the degree-wise free abelian group generated by X. 
Let 5* be the i-fold smash product of the standard simplicial circle S 1 = 
A[1]/<9A[1]. Then the spaces {|Z(5*)|}j>o is a symmetric ring spectrum with 
the homotopy type of an Eilenberg-MacLane spectrum for 2 concentrated in 
degree zero, and we define 

Hom^c, d)i = | Home (c, d) (8)2(5*) | . 

Let / be the category with objects the finite sets 

i = {l,2,. ..,*}, i>l, 

and the empty set 0, and morphisms all injective maps. It is a strict monoidal 
category under concatenation of sets and maps. There is a functor V k (C;X) 
from I k+1 to the category of pointed spaces which on objects is given by 

Vk(C;X)(io, ...,ik) = \J Hom^ co, c k ) io A ... A Hony fc^ c t ._ 1 ) ik A X. 

co,...,CfcGobC 

It induces a functor G k (C;X) from I k+l to pointed spaces with 

G k (C; X)(io, ...,ik) = F(S i0 A ... A S'\ V k (C;X)(io, . . . ,4)), 

and we define 

THH fc (C) = holimG fe (C;5°). 

Jk + i 

This is naturally the space of /c-simplices in a cyclic space and, by definition, 

THH(C) = \[k] i-f THH fc (C)|. 

It is a T-space by Connes' theory of cyclic spaces, [28, 7.1.9]. 

More generally, let (n) be the finite ordered set {1,2,..., n} and let (0) be 
the empty set. The product category I^ n > is a strict monoidal category under 
component- wise concatenation of sets and maps. Concatenation of sets and 
maps according to the ordering of (n) also defines a functor 

U • /(«) _> j 

L_l n . 1 r ± , 

but this does not preserve the monoidal structure. By convention I^> is the 
category with one object and one morphism, and Uo includes this category as 
the full subcategory on the object 0. We let G k n (C;X) be the functor from 
(i"( n )) fc+1 to the category of pointed spaces given by 

G { k n \c-X) = G k (C-X)o(u n ) k+ \ 

and define 

TBB k n) (C;X)= holim G k n \C;X). 
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In particular, THH^ 0) (C; X) = Nl y (C) A X, where 

N k 7 (C)= V Hom c (c ,c fc ) A ... AHom c (c fe ,c fc _i) 

co,...,Cfc£obC 

is the cyclic bar construction of C. Again this is the space of /c-simplices in a 
cyclic space, and hence we have the £„ x T-space 

Ttm^ n \C;X) = \[k] h-> THH^ n) (C;A")|. 

There is a natural product 

THH^ (C; X) A THH^ (23; Y) -> THH( m+n ) (C ® 23; X A F), 

which is S m x S ra x T-equivariant if T acts diagonally on the left. Here the 
category C ® 23 has as objects all pairs (c, d) with cSobC and rfsP, and 

Hom C £,x>((c, d),(c' ,d')) = Home(c, d) Hom v (d, d'). 

For any category C, the nerve category N.C is the simplicial category with 
/c-simplicies the functor category 

N k C = cW, 

where the partially ordered set [k] = {0, 1, . . . , k} is viewed as a category. An 
order-preserving map 9: [k] — > [/] may be viewed as a functor and hence induces 
a functor 

8*:NiC ->N k C. 

The objects of N.C comprise the nerve of C, N.C. Clearly, the nerve category 
is a functor from categories to simplicial categories. 

Suppose now that C is a category with cofibrations and weak equivalences 
in the sense of [48, §1.2]. We then define 

N!°C C N.C 

to be the full simplicial subcategory with 

obN^C = N.wC. 

There is a natural structure of simplicial categories with cofibrations and weak 
equivalences on N1°C: coN!°C and wlSSfC are the simplicial subcategories 
which contain all objects but where morphisms are natural transformations 
through cofibrations and weak equivalences in C, respectively. With these 
definitions there is a natural isomorphism of bi-simplicial categories with cofi- 



14 LARS HESSELHOLT AND IB MADSEN 

brations and weak equivalences 

(1.2.1) N.S.C =* S.N.C, 

where S.C is Waldhausen's construction, [48, §1.3]. 

Let V be a finite-dimensional orthogonal T-representation. We define the 
(n, V)-th space in the symmetric orthogonal T-spectrum T(C) by 

(1.2.2) T{C) n y = | THH( n )(N!°5. (n) C; S v )\. 

There are two T-actions on this space: one which comes from the topological 
Hochschild space, and another induced from the T-action on S v . We give 
T{C) n y the diagonal T-action. There are also two S„-actions: one which 
comes from the S n -action on the topological Hochschild space, and another 
induced from the permutation of the simplicial directions in the n-simplicial 
category S.C; compare [10, 6.1]. We also give T{C) n y the diagonal S n -action. 
In particular, the (0, 0)-th space is the cyclic bar construction 

T(C) ,o = |iV. cy (NrC)|. 

In general, the T-fixed set of the realization of a cyclic space X. is given by 

\x.\ T = {xex \ s (x) = hs (x)}, 

and hence, we have a canonical map 

| obNrS. (n) C A S vT \ -» {T(C) n y) T . 

The space on the left is the (n, V )-th space of a symmetric orthogonal spec- 
trum, which represents the spectrum K{C) in the stable homotopy category, 
and the map above defines the cyclotomic trace. Moreover, by a construction 
similar to that of [19, §2], there are T-equivariant maps 

P * p (T(C) n , v f*> ^T(C) nip;v c p , 

and one can prove that for fixed n, the object of the T-stable category defined 
by the orthogonal spectrum V i— > T(C) n y has a cyclotomic structure. 

Suppose that C is a strict symmetric monoidal category and that the tensor 
product is bi-exact. There is then an induced S m x S n -equivariant product 

S (m) c q s (n) c ^ 5 (m+n) Cj 

and hence 

T(C) m y A T(C) n ,W — > T(C) m+n y&w 

This product makes T(C) a monoid in the symmetric monoidal category of 
symmetric orthogonal T-spectra. 

1.3. We need to recall some of the properties of this construction. It is 
convenient to work in a more general setting. 
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Let <I? be a functor from a category of categories with cofibrations and weak 
equivalences to the category of pointed spaces. If C. is a simplicial category 
with cofibrations and weak equivalences, we define 

Q(C.) = \[n]»*(C n )\. 

We shall assume that <£ satisfies the following axioms: 

(i) The trivial category with cofibrations and weak equivalences is mapped 
to a one-point space. 

(ii) For any pair C and T> of categories with cofibrations and weak equiva- 
lences, the canonical map 

$(C x V) -^ $(C) x $(2?) 

is a weak equivalence. 

(iii) If /. : C. — ► P. is a map of simplicial categories with cofibrations and 
weak equivalences, and if for all n, <&(/ n ): <&(C n ) — ► $(P„) is a weak 
equivalence, then 

$(/.): $(C) -> $(X>.) 

is a weak equivalence. 

In [48], $ is the functor which to a category assigns the set of objects. 
Here our main concern is the functor THH and variations thereof. 
We next recall some generalities. Let 

f,g:C.-+V. 

be two exact simplicial functors. An exact simplicial homotopy from / to g is 
an exact simplicial functor 

h:A[lj. xC. ->Z>. 

such that h o (d 1 x id) = / and h o (d° x id) = g. Here A[n]. is viewed 
as a discrete simplicial category with its unique structure of a simplicial cat- 
egory with cofibrations and weak equivalences. An exact simplicial functor 
/: C. — ► T>. is an exact simplicial homotopy equivalence if there exists an ex- 
act simplicial functor g: D. — > C. and exact simplicial homotopies of the two 
composites to the respective identity simplicial functors. 

Lemma 1.3.1. An exact simplicial homotopy A[l]. x C. — > T>. induces a 
homotopy 

A[l] x $(C.) -» *(!>.)■ 

Hence $ taA;es exaci simplicial homotopy equivalences to homotopy equiva- 
lences. 
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Proof. There is a natural transformation 

A[l] fc x $(C fc ) - $(A[l] fc x C fc ). 

Indeed, A[l]& x <£(£&) and A[l]fc x C& are coproducts in the category of spaces 
and the category of categories with cofibrations and weak equivalences, respec- 
tively, indexed by the set A[l]fc. The map exists by the universal property of 
coproducts. □ 

Lemma 1.3.2. An exact functor of categories with cofibrations and weak 
equivalences f:C^T> induces an exact simplicial functor N™ /:N™C — ► N™X>. 
A natural transformation through weak equivalences of T> between two such 
functors f and g induces an exact simplicial homotopy between N™/ and NTg. 

Proof. The first statement is clear. We view the partially ordered set [1] 
as a category with cofibrations and weak equivalences where the nonidentity 
map is a weak equivalence but not a cofibration. Then the natural transfor- 
mation defines an exact functor [1] x C — ► T>, and the required exact simplicial 
homotopy is given by the composite 

A[l]. x N!°C -► N?[l] x IW -► N?([l] x C) ^ NfP, 

where the first and the middle arrow are the canonical simplicial functors, and 
the last is induced from the natural transformation. (Note that Ny[n] is not 
a discrete category.) □ 

Lemma 1.3.3 ([48, Lemma 1.4.1]). Let f,g:C—>T>bea pair of exact 
functors of categories with cofibrations. A natural isomorphism from f to g 
induces an exact simplicial homotopy 

A[l]. xS.C^ S.V 

from S.f to S.g. 

Corollary 1.3.4. Let C be a category with cofibrations, and let iC be 
the subcategory of isomorphisms. Then the map induced from the degeneracies 
in the nerve direction induces a weak equivalence 

$(S.C) ^ ®(N\S.C). 

Proof. For each k, the iterated degeneracy functor 

s:C = N i C^N i k C, 
has the retraction 

e*-.-Nic^c, 

where 0: [0] — > [k] is given by 0(0) = 0. Moreover, there is a natural isomor- 
phism id — ► 0*, and hence by Lemma 1.3.3, 
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S.s:S.C^ S.NiC = -NiS.C 

is an exact simplicial homotopy equivalence. The corollary follows from 
Lemma 1.3.1 and from property (iii) above. □ 

Let A, B and C be categories with cofibrations and weak equivalences and 
suppose that A and B are subcategories of C and that the inclusion functors are 
exact. Following [48, p. 335], let E(A,C,B) be the category with cofibrations 
and weak equivalences given by the pull-back diagram 

E(A,C,B) ^H AxCxB 



Q n (d 2 ,dl,do) n r r 

In other words, E(A,C,B) is the category of cofibration sequences in C of the 
form 

A ~ C -» B, AeA,B£B. 

The exact functors s, t and q take this sequence to A, C and B, respectively. 
The extension of the additivity theorem to the present situation is due to 
McCarthy, [34]. Indeed, the proof given there for $ the cyclic nerve functor 
generalizes mutatis mutandis to prove the statement (1) below. The equiva- 
lence of the four statements follows from [48, Prop. 1.3.2]. 

Theorem 1.3.5 (Additivity theorem). The following equivalent asser- 
tions hold: 

(1) The exact functors s and q induce a weak equivalence 

<S>(NrS.E(A,C,B)) ^ $(N?S.A) x <S>(N?S.B). 

(2) The exact functors s and q induce a weak equivalence 

&(N?S.E(C,C,C)) ^ $(NrS.C) x $(N?S.C). 

(3) The functors t and sVq induce homotopic maps 

$(NrS.E(C,C,C)) -» $(N?S.C). 

(4) Let F' >— ► F -» F" be a cofibration sequence of exact functors C — > T>. 
Then the exact functors F and F' V F" induce homotopic maps 

$(NrS.C) -» QQVS.V). 
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Let f:C — ► T> be an exact functor and let S.(f:C — ► T>) be Waldhausen's 
relative construction, [48, Def. 1.5.4]. Then the commutative square 



(1.3.6) 



$(N1"S.C) 


— » $(Nr5.5.(id:C- 


-C)) 


1 


I 




<S>CN™S.V) 


— » &(N?S.S.(f:C 


♦ D)) 



is homotopy cartesian, and there is a canonical contraction of the upper right- 
hand term. In particular, if we let T> be the category with one object and one 
morphism, this shows that the canonical map 

*(n?s.c) ^ n<s>{Nrs.s.c) 

is a weak equivalence. 

Definition 1.3.7. A map /: X — > Y of T-spaces is called an J 7 - equivalence 
if for all r > 1 the induced map of C r -fixed points is a weak equivalence of 
spaces. 

Proposition 1.3.8. Let C be a linear category with cofibrations and weak 
equivalences, and let T(C) be the topological Hochschild spectrum. Then for all 
orthogonal T-representations W and V, the spectrum structure maps 

T{C) n y — ► F(S m A S , T{C) m+ri) w®v) 
are T- equivalences, provided that n > 1. 

Proof. We factor the map in the statement as 
T{C) n y — ► F(S m ,T(C) m+n y) —>■ F(S m ,F(S ,T(C) m+ri) w®v))- 

Since S m is C r -fixed the map of C r -fixed sets induced from the first map may 
be identified with the map 

(T(C) n yfr - n m (T(C) m+n yfr , 

and by definition, this is the map 

THH( n )(N!" 1 S. (n) C; S v f r -» n m TRR^ m+n \Nr S^ m+n) C; S v f r . 

By the approximation lemma, [2, Th. 1.6] or [30, Lemma 2.3.7], we can replace 
the functor THTL '(— ; — ) by the common functor THH(— ; — ), and the claim 
now follows from (1.3.6) applied to the functor 

$(C) = Tim(C;S v ) Cr . 

Finally, it follows from the proof of [19, Prop. 2.4] that 

(T(C) m+n y) r —> F(S , T(C) m+riy w®v)) r 

is a weak equivalence. D 
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We next extend Waldhausen's fibration theorem to the present situation. 
We follow the original proof in [48, §1.6], where also the notion of a cylinder 
functor is defined. 

Lemma 1.3.9. Suppose that C has a cylinder functor, and that wC satis- 
fies the cylinder axiom and the saturation axiom. Then 

$(N?C) ^+ $(NrC) 

is a weak equivalence. Here wC = wC n coC. 

Proof. The proof is analogous to the proof of [48, Lemma 1.6.3], but we 
need the proof of [37, Th. A] and not just the statement. We consider the 
bi-simplicial category T(C) whose category of (p, g)-simplices has, as objects, 
pairs of diagrams in C of the form 

(A q — > • • • — ► Aq, Aq — > Bq — > • • • — ► B p ), 

and morphisms, all natural transformations of such pairs of diagrams. We let 

T™> W (C) C T(C) 

be the full subcategory with objects the pairs of diagrams with the left-hand 
diagram in wC and the right-hand diagram in wC. There are bi-simplicial 
functors 

N*(C op )i? £- T^ W {C) -^ N W (C)L, 

where for a simplicial object X, the bi-simplicial objects XL and XR are ob- 
tained by precomposing X with projections pr 1 and pr 2 from A x A to A, 
respectively. Applying $ in each bi-simplicial degree, we get corresponding 
maps of bi-simplicial spaces. We show that both maps induce weak equiva- 
lences after realization. 

For fixed q, the simplicial functor 

pi:T% w (C)->N£(C°P) 

is a simplicial homotopy equivalence, and hence induces a homotopy equiva- 
lence upon realization. It follows that 

*(pi):*(T ffi>,u (C)) ^+ $(N?(C op )) 

is a weak equivalence of spaces. 

Similarly, we claim that for fixed p, the simplicial functor 

is a simplicial homotopy equivalence. The homotopy inverse a maps 

(B —►■■•—► B p ) i-> (B — ► . . . — ► Bo, B — > B —> ■ ■ ■ — > B p ). 
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Following the proof of [48, Lemma 1.6.3] we consider the simplicial functor 

i:T™f(C)^T; ; f(C) 



which maps 



(A q ->■ ► A , A ->■ B ->■ . . . B p 



(T(A q - B ) - . . . - T(A - B ),T(A - B„) -^ #o - ■ ■ ■ -> S P ), 



where T is the cylinder functor. There are exact simplicial homotopies from 
a op2 to t and from the identity functor to t. Hence 

<f>{p 2 ):<f>(T™' w {C)) ^ $(N W (C)) 

is a weak equivalence of spaces. 

Finally, consider the diagram of bi-simplicial categories 

N*(C°P)R ^^ T w,w(q ^L^ N W {C)L 

{• !•' II 

N w (C op )R ^— T W ' W (C) — ^-+ N W (C)L, 

where i! is the obvious inclusion functor. Applying <&, we see that the horizontal 
functors all induce weak equivalences. The lemma follows. □ 

Let C be a category with cofibrations and two categories of weak equiva- 
lences vC and wC, and write 

N v,w C = N y( N » C ) c* Nr(Nyc). 

This is a bi-simplicial category with cofibrations which again has two categories 
of weak equivalences. 

Lemma 1.3.10 (Swallowing lemma). If vC C wC then 

$(NrC) = $((N w C)i?) ^+ $(N V ' W C) 

is a homotopy equivalence with a canonical homotopy inverse. 

Proof. We claim that for fixed m, the iterated degeneracy in the w-direction, 

N!"C -» N!°(N^C), 

is an exact simplicial homotopy equivalence. Given this, the lemma follows 
from Lemma 1.3.1 and from property (iii). The iterated degeneracy above is 
induced from the (exact) iterated degeneracy map C — ► N^C in the simpli- 
cial category NTC. This map has a retraction given by the (exact) iterated 
face map which takes cq — > • • • — > c m to cq. The other composite takes 
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Co — > • • • — > c m to the appropriate sequence of identity maps on Co . There 
is a natural transformation from this functor to the identity functor, given by 



c = c = ■ ■ ■ = c 



id 



fm°—°fl 



/l h fm 

cq ► c\ > . . . > c r , 



The natural transformation is through arrows in vC, and hence in wC. The 
claim now follows from Lemma 1.3.2. □ 

The proof of [48, Th. 1.6.4] now gives: 

Theorem 1.3.11 (Fibration theorem). Let C be a category with cofibra- 
tions equipped and two categories of weak equivalences vC C wC, and let C w be 
the subcategory with cofibrations of C given by the objects A such that * — > A is 
in wC. Suppose that C has a cylinder functor, and that wC satisfies the cylinder 
axiom, the saturation axiom, and the extension axiom. Then 

<!>(NVS.C W ) ► $>(N?S.C W ) 



$(N?S.C) ► $(N! U S'.C) 

is a homotopy cartesian square of pointed spaces, and there is a canonical 
contraction of the upper right-hand term. 

1.4. Let A be an abelian category. We view A as a category with cofibra- 
tions and weak equivalences by choosing a null-object and taking the monomor- 
phisms as the cofibrations and the isomorphisms as the weak equivalences. Let 
6 be an additive category embedded as a full subcategory of A, and assume 
that for every exact sequence in A, 

-» A' -> A -> A" -> 0, 

if A' and A" are in £ then A is in £, and if A and A" are in £ then A' is in £. 
We then view £ as a subcategory with cofibrations and weak equivalences of 
A in the sense of [48, §1.1]. 

The category C b (A) of bounded complexes in A is a category with cofi- 
brations and weak equivalences, where the cofibrations are the degree-wise 
monomorphisms and the weak equivalences zC (A) are the quasi-isomorphisms. 
We view the category C (£) of bounded complexes in £ as a subcategory with 
cofibrations and weak equivalences of C (A). The inclusion £ — ► C {£ ) of £ as 
the subcategory of complexes concentrated in degree zero, is an exact functor. 
The assumptions of the fibration Theorem 1.3.11 are satisfied for C {£)■ 

Theorem 1.4.1. With £ as above, the inclusion induces an equivalence 
$(N!S.£) ^+ <$>{W.S.C b {£)). 
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Proof. We follow the proof of [46, Th. 1.11.7]. Since the category C b {£) 
has a cylinder functor which satisfies the cylinder axiom with respect to quasi- 
isomorphisms, the fibration theorem shows that the right-hand square in the 
diagram 

^(NiS.f*) ► $(NiS.C b (£) z ) ► $(N*S.C b (£) z ) 

^(NIS.S) ► $(NiS.C b (£)) y $(N*S.C b (£)) 

is homotopy cartesian. Moreover, the composite of the maps in the lower row 
is equal to the map of the statement, and the upper left-hand and upper right- 
hand terms are contractible. Hence the theorem is equivalent to the statement 
that the left-hand square, and thus the outer square, are homotopy cartesian. 
Let C b be the full subcategory of C {£) consisting of the complexes E* 
with Ei = for i > b and i < a. Then C (£ ) is the colimit of the categories C b 
as a and b tend to — co and +oo, respectively. We consider C b as a subcategory 
with cofibrations of C {£). We first show that there is a weak equivalence 

$(NiS.C b a )^ I] $(N!S.£), E*^(E b ,E b _ 1 ,...,E a ). 

a<s<b 

The map is an isomorphism for b = a. If b > a, the functor 

which takes E* to the extension 

<7<a-E* >— > E* -» a >a E*, 

is an exact equivalence of categories. Here a< n E* is the brutal truncation, [49, 
1.2.7]. The inverse, given by the total-object functor, is also exact. Hence, the 
induced map 

$(NlS.C b ) -^ *(N i .S.E(CZ,C b a ,C b a+1 )), 

is a homotopy equivalence by Lemma 1.3.2. The additivity Theorem 1.3.5 then 
shows that 

( S , ? ):$(N!5.fi(C,C!,Ci)) -^ HNiS.C a a ) x <S>(N]S.C b a+1 ); 

thus, we have a weak equivalence 

$(NiS.C b a ) -^ <S>(N\S.S) x $(NiS.C b a+1 ), E, »-> (E a , a >a E«). 

It now follows by easy induction that the map in question is a weak equivalence. 
Next, we claim that the map 

$(tfS.C£*)- J] *(NlS.£), E*^(B b _ 1 ,B b _ 2 ,...,B a ), 

a<s<b 
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where Bi C Ei are the boundaries, is a weak equivalence. Note that the 
exactness of the functors E* i— » Bi uses the fact that the complex E* is acyclic. 
If a = b — 1 the functor E* i— ► -Bb_i is an equivalence of categories with exact 
inverse functor. Therefore, in this case, the claim follows from Lemma 1.3.2. 
If b — 1 > a, we consider the functor 

c\ z ^E{c\uA z xt x)z ), 

which takes the acyclic complex E* to the extension 

t>6-i-E* >— > E* -» t^-iE*, 

where T> n E* is the good truncation, [49, 1.2.7]. The functor is exact, since 
we only consider acyclic complexes, and it is an equivalence of categories with 
exact inverse given by the total-object functor. Hence the induced map 

$(N!S.C**) -^ &(N i .S.E(Cg_ 1 ,C**,C( b - 1 ')*)) 

is a homotopy equivalence by Lemma 1.3.2. The additivity theorem now shows 
that 

<S>(NiS.C b a z ) -^ $(N!S.£) x ^(NiS.Cy), E* .-> (B b ^, r< b _i£*), 

is a weak equivalence, and the claim follows by induction. 

Statement (4) of the additivity theorem shows that there is a homotopy 
commutative diagram 



$(NlS.C b a ) > I\a<s<b$(WS.£) 

where the horizontal maps are the equivalences established above, and where 
the right-hand vertical map takes (x s ) to (x s + x s _i). It follows that the 
diagram 

$(N*S.C§*) ► <5>(NiS.C b a z ) 

I I 

^NiS.Cg) ► ${NiS.C b a )), 

where the maps are induced by the canonical inclusions, is homotopy cartesian. 
Indeed, the map of horizontal homotopy fibers may be identified with the map 

Y[ n^(Nis.£) -► Y[ n$(Nis.£), 

a<s<b a<s<b,Sy^0 

which takes (x s ) to (x s + x s -i), and this, clearly, is a homotopy equivalence. 
Taking the homotopy colimit over a and 6, we see that the left-hand square in 
the diagram at the beginning of the proof is homotopy cartesian. □ 



24 LARS HESSELHOLT AND IB MADSEN 

1.5. In the remainder of this section, A will be a discrete valuation ring 
with quotient field K and residue field k. The main result is Theorem 1.5.2 
below. It seems unlikely that this result is valid in the generality of the pre- 
vious section. Indeed, the proof of the corresponding result for K-theory uses 
the approximation theorem [48, Th. 1.6.7], and this fails for general <&, topo- 
logical Hochschild homology included. Our proof of Theorem 1.5.2 uses the 
equivalence criterion of Dundas-McCarthy for topological Hochschild homol- 
ogy, which we now recall. 

If C is a category and n > an integer, we let End n (C) be the category 
where an object is a tuple (c; v± , . . . , v n ) with c an object of C and v± , . . . , v n en- 
domorphisms of c, and where a morphism from (c; v±, . . . , v n ) to (d; u>i, . . . , w n ) 
is a morphism /: c — > d in C such that fvi = Wif, for 1 < i < n. We note that 
Endo(C) = C. 

PROPOSITION 1.5.1 ([7, Prop. 2.3.3]). Let F:C ^V be an exact functor 
of linear categories with cofibrations and weak equivalences, and suppose that 
for all n > 0, the map | obNl u S'.End„(i ? )| is an equivalence. Then 

F*:THH(NrS.C) ^ THH(Nr<S.£>) 

is an T- equivalence (see Def. 1.3.7). 

Let Ma be the category of finitely generated A-modules. We consider 
two categories with cofibrations and weak equivalences, C^(Ma) and C^Ma), 
both of which have the category of bounded complexes in Ma with degree- 
wise monomorphisms as their underlying category with cofibrations. The weak 
equivalences are the categories zC b (MA) of quasi-isomorphisms and qC b (MA) 
of chain maps which become quasi-isomorphisms in C b (MK), respectively. We 
note that C b (M q A ) and C b (MA) q are the categories of bounded complexes of 
finitely generated torsion A-modules and bounded complexes of finitely gener- 
ated A-modules with torsion homology, respectively. 

Theorem 1.5.2. The inclusion functor induces an T- equivalence 

THH(Nf S.C b {M q A )) ^ TRR(N*S.C b {M A ) q )- 

Proof. We show that the assumptions of Proposition 1.5.1 are satisfied. 
The proof relies on Waldhausen's approximation theorem, [48, Th. 1.6.7], but 
in a formulation due to Thomason, [46, Th. 1.9.8], which is particularly well 
suited to the situation at hand. 

For n > 0, let A n be the ring of polynomials in n noncommuting variables 
with coefficients in A, and let Ma,u C Ma„ be the category of ^4„-modules 
which are finitely generated as yl-modules. Then the category End n (C b (A / I J 4)) 
(resp. F,nd n (C b (MA)) q , resp. End n (C 6 (.M^))) is canonically isomorphic to 
the category C b (M A ,n) (resp. C b (M A ,n) q , resp. C b {M q An )). Here C b (M A ,n) q C 
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C b (AiA,n) is the full subcategory of complexes whose image under the forgetful 
functor 'c b (M A ,n) -> C b {M A ) lies in C b {M A ) q , and similarly for M\ n . We 
must show that the inclusion functor induces a weak equivalence 



\obN*S.C b (M q An )\ ^ \obN* S.C b (M A . 



) q \ 

nj I 



for which we use [46, Th. 1.9.8]. The categories C b (M\ n ) and C b (M A<n ) q 
are both complicial bi-Waldhausen categories in the sense of [46, 1.2.4], which 
are closed under the formation of canonical homotopy pushouts and homotopy 
pullbacks in the sense of [46, 1.9.6]. The inclusion functor 

F:C b (M% n )^C b (M A , n ) q 

is a complicial exact functor in the sense of [46, 1.2.16]. We must verify the 
conditions [46, 1.9.7.0-1.9.7.3]. These conditions are easily verified with the 
exception of condition 1.9.7.1 which reads: for every object B of C b (A4. A ^ n ) q , 
there exist an object A of C b (M q An ) and a map FA ^+ B in zC b (M A ,n) q - 
This follows from Lemma 1.5.3 below. □ 

Lemma 1.5.3. Let A be a commutative noetherian ring, and let B be 
a not necessarily commutative A- algebra. Let C* be a bounded complex of 
left B-modules which as A-modules are finitely generated and suppose that the 
homology of C* is annihilated by some power of an ideal L C A. Then there 
exists a quasi- isomorphism 

with D* a bounded complex of left B-modules which as A-modules are finitely 
generated and annihilated by some power of L. 

Proof. Let n be an integer such that for all i > n, Ci is annihilated by 
some power of I. We construct a quasi-isomorphism C — ► C" to a bounded 
complex C" of left .B-modules which as A-modules are finitely generated and 
such that for all i > n — 1 , C'( is annihilated by some power of I. The lemma 
follows by easy induction. To begin we note that the exact sequences 

— ► Z n —> C n — ► B n _\ — ► 0, 
— * B n _\ — > Z n _i — ► iJ n _i — > 0, 



show that Z n —i is annihilated by some power of I, say, by L r . As an A-module 
Z n -i is finitely generated because C n -\ is a finitely generated A- module and 
because A is noetherian. Hence, by the Artin-Rees lemma, [32, Th. 8.5], we 
can find s > 1 such that Z n _i n I s C n -\ C I r Z n _i = 0. We now define C" to 
be the complex with C" = Ci, if / n — \,n — 2, with C^_ 1 = C n _i/I s C„_i, 
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and with C"_ 2 given by the pushout square 

pr 

fill , fill 

°ra-l > L/ n-2- 

There is a unique differential on C" such that the canonical projection C — > C" 
is a map of complexes. The kernel complex C" is concentrated in degrees n — 1 
and n — 2. The differential C^_i — > C^_ 2 i s injective, since Z n _i n I s C n -\ 
is zero, and surjective, since the square is a pushout. Hence, the homology 
sequence associated with the short exact sequence of complexes 

-» C' -> C ->■ C" -» 

shows that C — ► C" is a quasi-isomorphism. And by construction, some power 
of I annihilates C" , if i > n — 1. □ 

We thank Thomas Geisser and Stefan Schwede for help with the argument 
above. 

Let C^(Va) and C^{Va) be the category of bounded complexes of finitely 
generated projective ^4-modules considered as a subcategory with cofibrations 
and weak equivalences of C^(Ma) and C^Ma), respectively. 

Proposition 1.5.4. The inclusion functor induces an J 7 - equivalence 

TRR(N*S.C b (V A ) q ) -^ TRR(N Z . S.C b (M A ) q )- 

Proof. Let A n and Ma,u be as in the proof of Theorem 1.5.2, and let 
T^A^n be the full subcategory of Ma,u consisting of the ^-modules which 
as ^-modules are finitely generated projective. Then End n (C (A4.A)) q an d 
End n (C b (V A )) q are canonically isomorphic to C b (M A ,n) q and C b (V A ,n) q , re- 
spectively, and we must show that the inclusion functor induces a weak equiv- 
alence 

\ob-N*S.C b (V A ,n) q \ -^ \ob-N*S.C b (M A ,n) q \- 

Again, we use [46, Th. 1.9.8], where the nontrivial thing to check is condi- 
tion 1.9.7.1: for every object C* of C b {M.A,n) q , there exists an object P* of 
C b {V A ,n) q and a map P* ^ C* in zC b {M A ,n) q - But this follows from [5, 
Chap. XVII, Prop. 1.2]. Indeed, let e: P*,* — > C* be a projective resolution of 
C* regarded as a complex of A-modules. We may assume that each Pjj is a 
finitely generated A-module, and since A is regular, that Pjj is zero for all but 
finitely many (i,j). Furthermore, it is proved in loc.cit. that there exists an 
^-module structure on P** such that e is ^-linear. Hence, the total com- 
plex P* = Tot(P*,*) is in C b {V A ,n) and Tot(e):P* -^+ C* is in zC b {M A ,n)- It 
follows that P* is in C b (VA,n) q as desired. □ 
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Definition 1.5.5. We define ring T-spectra 

T(A\K) = T(C b (V A )), T(A) = T(C b (V A )), T(k) = T{C b z {V A Y) 

and let TR n (A\K;p), TR n (A;p), and TR n (k;p) be the associated C p n-i-fixed 
point ring spectra. 

We show that the definition of the spectra TR n (A;p) and TR n (k;p) given 
here agrees with the usual definition. By Morita invariance, [7, Prop. 2.1.5], it 
suffices to show that there are canonical isomorphisms of spectra 

TR n (A;p) ~ TR n (V A ;p), TR n (k;p) ~ TR n (V k ;p), 

compatible with the maps R, F, V , and [i. Here the exact category Vr is 
considered a category with cofibrations and weak equivalences in the usual 
way. It follows from Theorem 1.4.1, applied to the functor <£(£) = THH(C) , 
and Proposition 1.3.8 that the map induced by the inclusion functor 

T(V A ) - T(C b z (V A )) = T(A) 

is an ^-equivalence. This gives the first of the stated isomorphisms of spectra. 
A similar argument shows that the inclusion functor induces an ^"-equivalence 

T(V k ) = T(M k ) - T(C b z (M k )). 

By devisage, [6, Th. 1], the same is true for 

T(C b (M k )) - T(C b (M A )). 

Finally, Theorem 1.5.2 and Proposition 1.5.4 show that the maps induced from 
the inclusion functors 

T(C b z (M A )) -^ T{C b z {M A f) ^ T{C b z (V A Y) = T(k) 

are both JF-equivalences. This establishes the second of the stated isomor- 
phisms of spectra. Let 

i,:TR n {A-p)^TR n {k-p) 

be the map induced from the reduction. 

Theorem 1.5.6. For all n > 1, there is a natural cofibration sequence of 
spectra 

TR n (k;p) -U TR n (A;p) -^ TR n (A\K;p) ^ZTR n (k;p), 

and all maps in the sequence commute with the maps R, F, V, and [i. The 
map j* is a map of ring spectra, and the maps v and d are maps of TR n (A; p)- 
module spectra. Here TR n (k;p) is considered a TR n (A; p)- module spectrum 
via the map i*. Moreover, the preferred homotopy limits form a cofibration 
sequence of spectra. 
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Proof. We have a commutative square of symmetric orthogonal T-spectra 



T{C b z {V A ) q ) ► T{C b q {V A ) q ) 

I I 

T(C b (V A )) > T(C b (V A )), 

and the fibration Theorem 1.3.11 applied to the functor <£(£) = THH(C) *" 
shows that the corresponding square of C r -fixed point spectra is homotopy 
cartesian. It follows that there is natural cofibration sequence of spectra 

TR n (k;p) ^U TR n (A;p) -^ TR n (A\K;p) -^ £TR n (fc;p), 

compatible with R, F, V and [i. It is clear that this is a sequence of TR n (yl; p)- 
module spectra. □ 

Addendum 1.5.7. There is a natural map of cofibration sequences 
K(k) — *!— ► K(A) ^^ K(K) — ^ EK(k) 



tr 



tr 



I" 



tr 



TC(k;p) — *— ► TC(A-p) -^-> TC(A\K;p) — 2-> ZTC(k;p) 
and the vertical maps are all maps of ring spectra. 

Remark 1.5.8. Let X be a regular affine scheme and let i: Y <^-> X be a 
closed subscheme with open complement j: U '—* X. Then, more generally, the 
proof of Theorem 1.5.6 gives a cofibration sequence of spectra 

TR' n (Y;p) -*U TR n (X;p) -^ TR n (X\U;p) -^STR m (y ; p), 

where the three terms are as in Definition 1.5.5 with V A replaced by the cate- 
gory Vx of locally free Ox-modules of finite rank. The weak equivalences are 
the quasi-isomorphisms, zC (Vx), and the chain maps which become quasi- 
isomorphisms after restriction to U, qC (Vx), respectively. Similarly, the ar- 
gument following Definition 1.5.5 gives canonical isomorphisms of spectra 

TR n (X;p) ~ TR n (V x ;p), TR' n (Y;p) ~ TR n (My,p), 

where My is the category of coherent Oy-modules. Moreover, if Y is regular, 
the resolution theorem, [7, prop. 2.2.3], shows that TR n (Aiy,p) is canonically 
isomorphic to TR n (Vy;p). 



2. The homotopy groups of T(A\K) 

2.1. In this section we evaluate the homotopy groups with Z/p-coefficients 
of the topological Hochschild spectrum T(A\K). We first fix some conventions. 
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Let G be a finite group and let k be a commutative ring. The category 
of chain complexes of left /cG-modules and chain homotopy classes of chain 
maps is a triangulated category and a closed symmetric monoidal category, 
and the two structures are compatible. The same is true for the category of 
G-CW-spectra and homotopy classes of cellular maps. We fix our choices for 
the triangulated and closed symmetric monoidal structures in such a way that 
the cellular chain functor preserves our choices. 

We first consider complexes. If /: X — > Y is a chain map, we define the 
mapping cone Cf to be the complex 

(Cf) n = Y n @ X n _i, d(y, x) = (dy - f(x), -dx), 

and the suspension T,X to be the cokernel of the inclusion r.Y — ► Cf of the 
first summand. More explicitly, 

(SX)„ = X„_i, d^x{x) = -d x (x). 

Then, by definition, a sequence X — ► Y — ► Z — ► Y*X is a triangle or a 
cofibration sequence if it isomorphic to the distinguished triangle 

X -U Y -U C f -!U T,X, 

where d is the canonical projection. If X — ► Y — > Z is a short exact 
sequence of complexes then the projection p: Cf — > Z, p(y,x) = g(y), is a 
quasi-isomorphism and the composite 

HnZ ^- H n Cf —^ H n Y,X = H n _iX 

is equal to the connecting homomorphism. 

Let X and Y be two complexes. We define the tensor product complex 
by 

(X(g)Y) n = Ij7(; d{x®y) = dx ®y + (-l)^x ® dy, 

s-\-t=n 

and the complex of (fc-linear) homomorphisms by 

Hom(X,Y)„ = J]Hom(X s ,y n+s ); d(f(x)) = (df){x) + (-l)^f(dx). 

We note that Zq Hom(X, Y) is equal to the set of chain maps from X to Y 
and that Hq Hom(X, Y) is equal to the set of chain homotopy classes of chain 
maps from X to Y. The adjunction and twist isomorphisms are given by 

(/)-. Hom(X <g> Y, Z) -» Hom(X, Hom(Y, Z)), 4>{f){x){y) = f(x ® y), 
j:X®Y -^Y <S>X, 7(x<g>y) = (-1) |i||!,| j/®i. 

The triangulated and closed symmetric monoidal structures are compatible in 
the sense that 

S(X (g) Y) = (SX) ® Y 
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and that if W is a complex and X — ► Y — > Z — ► XX is a triangle, then so 
is 

X®W f -^Y®W 9 -^Z®W^XX®W. 

Indeed, the isomorphism 

p: Cf <g) W -^ Cf® w , p((y, x) <g> w) = (y <g) w, x ® w), 

and the identity map of X <8) W, Y <g) W, and XX <g> W define an isomorphism 
of the appropriate distinguished triangles. 

We define the homology of X with Z/m-coefficients by 

#* (X, Z/m) = if* (M m ® X) , 

where M m is the Moore complex given by the distinguished triangle 

Suppose that X is m-torsion free such that X — ► X — > X/mX is a short- 
exact sequence of complexes. Then the composite 

H n (X/mX) J^ H n (C m ) 4- H n {M m ®X) -£■» ii n (SX) = H n _i(X) 

is equal to the connecting homomorphism. 

We next consider the category of G-CW-spectra and homotopy classes of 
cellular maps, see [25, Chap. I, §5]. This category, we recall, is equivalent to 
the G-stable category. In one direction, the equivalence associates to a G-CW- 
spectrum X the underlying G-spectrum UX. In the other direction, we choose 
a functorial G-CW-replacement TX such that UTX — ► X. 

If X and Y are two G-CW-spectra, the smash product UX A UY has 
a canonical G-CW-structure. But the function spectrum F(UX, UY) usually 
does not. Instead we consider TF(UX, UY). This defines the closed symmetric 
monoidal structure. 

The mapping cone of a celluar map /: X — ► Y is defined by 

C f = YU x {[0,l]AX), 

where we use 1 as the base point for the smash product. The interval is given 
the usual CW-structure with a single 1-cell oriented from to 1, and the 
mapping cone is given the induced G-CW-structure. Collapsing the image of 
the canonical inclusion v.Y — > G/ to the base point defines the map 

d: C f -> S 1 A X = EX, 

where S 1 = [0, l]/<9[0, 1] with the induced CW-structure. We then define the 
distinguished triangles to be sequences of the form 

X M Y -U C f -?-> EX 
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Again, the triangulated and the closed symmetric monoidal structures are com- 
patible. Indeed, the associativity isomorphism, which is part of the monoical 
structure, gives rise to canonical isomorphisms 

a: E(X A W) -^ (EX) A W, p:C f AW^C fAW . 

The choices made above are preserved by the cellular chain functor. To 
be more precise, if X (resp. /: X — » Y) is a G-CW-spectrum (resp. a cellular 
map), then the suspension isomorphism gives rise to a canonical isomorphism 
of complexes EC*(X;A;) ^+ C*(EX;&:) (resp. C*(Cf,k) -^ C/„). Under these 
identifications, the cellular chain functor carries the distinguished triangles of 
G-CW-spectra to the distinguished triangles of complexes of left /cG-modules. 
Similarly, if X and Y are two G-CW-complexes, then the Kiinneth isomor- 
phism gives a canonical isomorphism C*(X; k) <8> C*(Y; k) ^^ C*(X A Y; k). 

We define the homotopy groups of X with Z/m-coefficients by 

7T*(X,Z/m) = 7T*(M m AX), 

where M m is the Moore spectrum given by the distinguished triangle 

and the homotopy groups with Z p -coefficients by 

7r*(X,Z p ) = 7T*(holim(M^ AX)). 

V 

The latter are related to the former by the Milnor sequence 

0^ ]im 1 n q + 1 (X,Z/ P v ) -» n q (X,Z p ) -» lim n q (X,Z/p v ) -> 0. 

V V 

We shall often abbreviate Tr q (X,Z/p) and write Tt q (X). Let HZ/m be the 
Eilenberg-MacLane spectrum for Z/m. It is a ring spectrum, and we let e £ 
7Ti (HZ/m, Z/m) be the unique element such that /3(e) = 1. Then for left 
HZ/m- module spectra X, we have a natural sum-diagram 

(.Aid /3Aid 

(2.1.1) X < > M m AX t^ — * EX, 

r s 

where s is the composite 

S" 1 A X ^U M m A HZ/m A X -^+ M m A X, 

and where r is determined by the requirement that r o t = id and r o s = 0. 

We recall Connes' operator. Let T be the space S(C) of complex numbers 
of length 1 considered as a group under multiplication. We give T the ori- 
entation induced from the standard orientation of the complex plane, and let 
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[T] G Hi(T) be the corresponding fundamental class. The reduced homology 
of a T-space X has a natural differential given by the composite 

d: H q (X) ^K H q+l (T + AI)^ H q+1 {X), 

where the left-hand map is given by the Kiinneth isomorphism and the right- 
hand map is induced by the action map. There is a sum-diagram 

Z/2 • 7/ = ^(5°) r^-^ vrf (T+) r^ #i(T) = Z • [T] 

where /i is the Hurewitz homomorphism, e is induced from the map S° — ► T+ 
which takes the nonbase-point of S" to 1 € T, c is induced from the map 
T + — ► S which collapses T to the nonbase-point of S°, and a is determined 
by ha = id and ca = 0. Let T be a T-spectrum. Then Connes' operator is the 
map 

(2.1.2) d:7v q (T)^^n q+1 (T + AT)^^ q+1 (T). 

If T = HH(yl) is the Hochschild spectrum of a ring A, then this definition agrees 
with Connes' original definition, [16, Prop. 1.4.6]. We recall from op. cit., 
Lemma 1.4.2, that, in general, dd = dr] = rjd. Hence, d is a differential, 
provided that multiplication by rj is trivial on ir*(T). This is the case, for 
instance, if multiplication by 2 on 7r*(T) is an isomorphism. 

2.2. We next recall the notion of differentials with logarithmic poles. 
The standard reference for this material is [24]. A pre- log structure on a ring 
R is a map of monoids 

a:M -»• R, 

where R is considered a monoid under multiplication. By a log ring we mean 
a ring with a pre-log structure. A derivation of a log ring (R, M) into an 
i?-module E is a pair of maps 

(D,Dlog):(R,M)^E, 

where D:R — > E is a derivation and Dlog:M — > £? a map of monoids, such 
that for all a € M, 

a(a)Z)loga = Da(a). 

A log differential graded ring (E* , M) consists of a differential graded ring E*, 
a pre-log structure a: M — ► .E , and a derivation (Z),£)log): (E°,M) — ► E 1 
such that D is equal to the differential d: .E — ► E 1 and such that do D log = 0. 
There is a universal example of a derivation of a log ring (i?, M) given by 
the .R-module 

V(r,m) = ( n R © ( R ®% M gp ))/(da(a) - a(a) (g> a | a G M), 
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where M gp is the group completion (or Grothendieck group) of M and (. . .) 
denotes the submodule generated by the indicated elements. The structure 
maps are 

d: R—> lu} r m n , da= da © 0, 

dlog: M ^ oo} RM y dloga= 0© (1 <g> a). 

The exterior algebra 



endowed with the usual differential is the universal log differential graded ring 
whose underlying log ring is (R,M). We stress that here and throughout we 
use Q R to mean the absolute differentials. 

Let A be a complete discrete valuation ring with quotient field K and 
perfect residue field k of mixed characteristic (0,p). We recall the structure of 
A from [40, §5, Th. 4]. Let W(k) be the ring of Witt vectors in k, and let Kq 
be the quotient field of W(k). There is a unique ring homomorphism 

f:W(k)-+A 

such that the induced map of residue fields is the identity homomorphism. We 
will always view A as an algebra over W{k) via the map /. Moreover, if tvk is 
a generator of the maximal ideal vxk C A, then 

(2.2.1) A = W(k)[ir K ]/(0 K (iT K )), 

and the minimal polynomial takes the form 

(j) K {x) =x eK +p6 K (x), 

where ex = |-K":.fQ)| is th e ramification index and where Qk{%) is a polynomial 
of degree less that ex such that #r-(0) is a unit in W(k). It follows that 6k{^k) 
is a unit and that 

We will use this formula on numerous occasions in the following. The valuation 
ring A has a canonical pre-log structure given by the inclusion 

a:M = AnK x ^ A. 

Let vk'- K x — ► Z be the valuation. 

Proposition 2.2.2. There is a natural short exact sequence 

— > £l A — ► w^m) — > k ^ 0, 

where res(adlogb) = avxib) +n\.K- 
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Proof. If a € A n K x then avx{o) € m^, and hence, the composition of 
the two maps in the statement is zero. Only the exactness in the middle needs 
proof. Let ad log b be an element of wh M ^ and write b = n l K u with u G A x . 
Then 

ad log & = iad log 7rx + au~ dn. 

Suppose that res(adlogfr) = ia + tnx is trivial. Then za € rrtx, which implies 
that ia7r^- € A, and hence, iad log 7rx = io7r^ aV^. □ 



flGinF 



We define the module of relative differentials 

UJ U,M)/W(k) = ( n A/w(k) © ( A ®% K *))/(<fa -a® a 
Again, there is a natural exact sequence 

— > ^^/^/(fc) — > ^(A,M)/W(k) y k —> 0. 

Lemma 2.2.3. Let ixk £ A be a uniformizer with minimal polynomial 
4>k(x). Then the element dlognx generates the A-module ^}a M)/w{k)> an< ^ 
its annihilator is the ideal generated by 4>' k (ttk)^k- This ideal contains p. 

Proof. Since every element of K x can be written as a product tt 1 k u with 
i € Z and u E A x , the formula 

dlog(ir l K u) = idlog-KK + u~ du 

shows that ul A M)/w(k) 1S g enera ted by dlognx- The relation identifies 

^K^K^RdlogltK = d{4> K {^K)) = 0, 
so the annihilator ideal is generated 4>' k {t^k)^k- Q 

Lemma 2.2.4. For all i > 0, there is a natural exact sequence 

A (S>w(k) ^W(k) "~ * ^(AM) ~ *■ L0 (A,M)/W(k) ~ * °> 
and £/ie left-hand group is uniquely divisible. 

Proof. The stated sequence for i = 1 follows from the diagram 

► ^ ► U U,M) ' k > ° 



► ^A/VK(fc) *■ w (A,Af)/VK(fc) *■ ^ y ° 

with horizontal exact sequences and from the standard exact sequence 

A ® W {k) ®^ W {k) ->®-A-> ^A/w(k) ~> °- 
We show that the group ^^(^ — ► HHi(W(A;)) is a uniquely divisible group 
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or, more generally, that HHj(H^(fc)) is uniquely divisible, for all i > 0. Since 
W(k) is torsion-free and since W(k)/p = k, the coefficient sequence takes the 
form 

► HH m (fc) -> mLi(W(k)) -^ HHi(W(k)) -» HH^fc) -f • ■ ■ . 

But HHj(fe) = 0, for i > 0, since k is perfect, [19, Lemma 5.5]. This proves the 
lemma for % = 1. In particular, the maximal divisible sub-A-module of wK M \ 
is equal to the image of A ®w(k) ^w(kY anc ^ u }a m) * s ^ ne sum °^ this divisible 
module D and the cyclic torsion A-module ^Ja M)/w(k)' ^ follows that for 
i > 1, u^ M -, = A^D, and this in turn is the image of the left-hand map of 
the statement. □ 



Corollary 2.2.5. The p-torsion submodule of u} 



(A,M) 



IS 



pu\a,m) = A /P ■ d\og(-p). 



Proof. It follows from Lemma 2.2.4 that the canonical map 

P U {A,M) y P U (A,M)/W(k) 

is an isomorphism. Let ttk be a uniformizer with minimal polynomial 4>k(x). 
Then by Lemma 2.2.3, 

U (A,M)/W(k) = A /{^K<t>' K ^K)) ■ d\ogTt K . 

We write 4>k{x) = x eK + p9k{x) such that — p = n^ 6 'k{^ k) -1 ■ Hence, on the 
one hand, we have 

■kr^k^k) = e K Tr e K +P^kO' k (^k) = (e K - ■kk9'k('kk)Qk( , kk)~ 1 )w'k , 
and on the other hand, 

dlog(-p) = d\og{^9 K {^KT l ) = (e K - KKQ , K( 7r K)OK{nK)~ 1 )dlogir K - 
The claim follows. □ 

Let L be a finite extension of K, let B be the integral closure of A in L, 
and let Zlik = ^l/&k be the ramification index of L/K. Then the following 
diagram commutes 

UJ (A,MA)/W(k) > A l m K 

i* l^L/K-i 

1 resB „ , 

W (B,M S )/W(fc) > o/m L . 

Recall that B®a^\ /w(k) ~~ ** ^B/VKffe) ^ s an isomorphism if and only if e^/^ = 1- 
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Lemma 2.2.6. The canonical map 

B (g>A L0 (A,M A )/W(k) -* U {B,M B )/W{k) 

is an isomorphism if and only if p does not divide eL/K- 

Proof. Suppose that p does not divide c^/k- If e L/K = 1 the lemma 
follows from the natural exact sequence 

— > &A/W(k) — > U(A,M)/W(k) ~^ A/mK — > 

and from the isomorphism mentioned before the lemma. Thus, replacing K 
by the maximal subfield of L which is unramified over K, we may assume that 
the extension is totally ramified. Then there exists ttk & A such that 

T IS ( l / e L/K 

Indeed, if ttk and ttl are uniformizers of A and B over W(k), then ttk = 
utx^ i where u € B x is a unit. But the sequence 

1 -» t£ - £ x ^+ fc x -> 1 

is split by the composition of the Teichmiiller character r: k x — ► VF(fe) x and 
the inclusion M^(/c) x <— > -B x . Therefore, replacing 7Tk- by r(r(u))~ 1 nK, we 
can assume that the unit u lies in the subgroup U\ of units in B which are 
congruent to 1 mod rtl£. But every element of U\ has an e^/x-th root, so 
replacing ttl by u ' eL / K 7ri we may assume that u = 1. 

Let 7Tft- and 7Tl be uniformizers of ^4 and i? over W(A;) such that ixk = 
t^l , and let (J)k(x) be the minimal polynomial of ttk- Then 

is the minimal polynomial of ttl- The A- module ul A M \/w{k) ls g enera ted by 
dlog ttk with annihilator (cJ)' k (ttk)ttk), and similarly, the S-module u)} B M ■> / w r k \ 
is generated by dlogTTz, with annihilator (^(tt^ttl)- But 

dlogiT K = dlog(n L L/K ) = e L/K dlog-K L 

and 

so the claim follows since e^/x is a unit. It is also clear from this argument 
that the map of the statement cannot be an isomorphism if the extension L/K 
is wildly ramified. □ 

2.3. In this section we show that the homotopy groups (ir*T(A\K),M) 
form a log differential graded ring. In effect, we prove the more general state- 
ment: 
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Proposition 2.3.1. The homotopy groups (TR™ (A\K;p),M) form a log 
differential graded ring, if p is odd or n = 1. 

The homotopy groups TR"(A\K;p) form a graded-commutative differen- 
tial graded ring with the differential given by Connes' operator (2.1.2), [16, 
§1]. It remains to define the maps 

(2.3.2) a n :M ^ TR%(A\K;p), dlog n : M -» TR{{A\K;p) 

and to verify the relation a n (a)dlog n a = da n (a). We define a n as the com- 
posite of the inclusion M = A(~) K x <^-> A and the multiplicative map 

_ n .A^TR n {A\K;p). 

This, we recall, is the map of components induced from the composite 

A-U |iV. cy (N!C)| Dr ° Ar ) \N? y (N q .C)\ Cr =TR n {A\K;p) 0fi , 

where C = CSPa) of Definition 1.5.5, i{a) is the 0-simplex A — ► A, and 
r = p n_1 . We refer the reader to [3, §1] for the definition of the maps A r 
and D r . 

In general, if C is a category with cofibrations and weak equivalences and 
if X is an object of C, there is a natural map in the stable category 

det:£°°£Aut(A) ->■ K(C), 

where Aut(X) is the monoid of endomorphisms of X in the category wC of 
weak equivalences. The inclusion of Aut(X) as a full subcategory of wC induces 

BAxA{X) = \N. Aut(A)| -y \N.wC\ = K(C) , 

but this map does not preserve the basepoint (unless X is the chosen null 
object). However, we still get a map of symmetric spectra 

det:£°°5Aut(A) + -► K{C). 

To get the map det, we use the fact that for every pointed space B, there is a 
natural isomorphism S° V T,°°B ^^ T, 00 B + in the stable category. The inverse 
is induced from the map which collapses B to the nonbase point in S° and the 
map which identifies the extra base point with the base point in B. 

We again let C = C^Va) and view A as a complex concentrated in degree 
zero. Then Aut(A) = A(~) K x = M such that we have a map of monoids 

M -» ttiBM ^h iriK(C), 

and we define dlog n to be the composite of this map and the cyclotomic trace. 
Spelling out the definition, we see that dlog n is given by the composite 

S'+i A M+ ^^ S l A T+ A M+ ^^ S l A | A. cy (N?C) | 

Dr °f r , ^ A |A. cy (N?C)| c '- ^^ TR"(A|A-;p) /i0 , 
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where the map j, when restricted to T x {a}, traces out the loop in the real- 
ization given by the 1-simplex (in the diagonal simplicial set): 



4 l 


> 4 X 


> A 


a 

4 l 


1" 
> 4 X 


1° 

> 4 



Lemma 2.3.3. For a// a € M, da n (a) = a n {a)d\og n a. 

Proof. Spelling out the definitions, one readily recognizes that it will suf- 
fice to show that the following diagram homotopy-commutes: 

T+ A M+ idAA . T+ A M+ A M+ ^^ \N? y (N q .C)\ A \N? y (N q .C)\ 



id Ai 



Mo,o 



T+ A |iV. cy (N?C)| £ ► |AT. cy (N?C)|. 

Since M is discrete, we may check this separately for each a £ M. The com- 
posite of the upper horizontal maps and the right-hand vertical map, when re- 
stricted to T x {a}, traces out the loop in the realization given by the 1-simplex 
(in the diagonal simplicial set) on the left below. Similarly, the composite of 
the left-hand vertical map and the lower horizontal map, when restricted to 
T x {a}, traces out the loop given by the 1-simplex on the right below: 

A -2-» A -J-> A A -^-» A -2-> A 

[a \a , ll ll ll 

A -5-» A -J-> A A -^-» A -^-f A. 

Note that both loops are based at the vertex A — ► A. We must show that 
the two loops are homotopic through loops based at A — ► A. To this end, we 
consider the 2-simplices 

A -^ A -i-» A -l-> A A -!-» A -^-> A -2-» A 

I' I' 1' 1' 1' 1' 1- I' 

V V V V V V V V 

A -^ A -2-» A -J-» A A -^-» A -2-> A -^-» A. 

The 2-simplex on the left gives a homotopy through loops based at A — ► A 
between the loop given by the left-hand 1-simplex above and the loop given 
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by the 1-simplex 

A 



A - 


a 


► A - 


i 

> 


[• 




1' 




A - 


1 


► A - 


a 

> 



A. 

Similarly, the 2-simplex on the right gives a homotopy through loops based 
at A — ► A between this loop and the loop given by the right-hand 1-simplex 
above. □ 

PROPOSITION 2.3.4. The canonical map 

is an isomorphism, for q < 2, and a rational isomorphism, for all q > 0. 

Proof. We consider the long exact sequence of homotopy groups associated 
with the sequence of Theorem 1.5.6, 

T(k) -iU T(A) -^ T(A\K) -?-> ET(jfe), 

and note that i':ir q T(k) — > ir q T(A) is zero, if q = 0, 1. Indeed, for q = this is 
a map from a torsion group to a torsion- free group, and for q = 1 the domain 
is isomorphic to the group Q^ which vanishes since fc is a perfect, [19, Lemma 
5.5]. This proves the statement for q = 0. It also shows that the top sequence 
in the following diagram of ^4-modules and A-linear maps, 

► mT(A) — ^ mT(A\K) — ^-> vr r(/c) ► 



► il^ > w \a,m) v k y ®-> 

is exact. The lower sequence is the exact sequence of Proposition 2.2.2 and 
the vertical maps are the canonical maps. The left-hand square commutes 
since j* preserves the differential. The commutativity of the right-hand square 
is equivalent to the statement that d*(dlogx) = vr-(x), for all x G M. But 
this follows from the definition of the map rilog in (2.3.2) and from the com- 
mutativity of the right-hand square in Addendum 1.5.7. Since the left- and 
right-hand vertical maps in the diagram are isomorphisms, so is the middle 
vertical map. This proves the statement for q = 1. 

We next argue that the map of the statement is a rational isomorphism, 
for all q > 0. Since 7r*T(A;) is torsion the long exact sequence associated with 
the cofibration sequence above shows that 

j*: n*T(A) Q -^ tt,T(A\K) <g> Q 
is an isomorphism. Moreover, the linearization map induces an isomorphism 

/: n,T(A) ®Q^ RR*(A) ® Q, 



40 LARS HESSELHOLT AND IB MADSEN 

and the right-hand side is canonically isomorphic to HH^if). It thus remains 
to prove that the canonical map £l* K — > HH*(.ff) is an isomorphism. This in 
turn follows from [20] and the fact that K can be written as a filtered colimit 
of smooth Q-algebras, [13, IV.17.5.1]. 

It remains to show that tt2T(A\K) is uniquely divisible. The structure of 
the p-adic homotopy groups 7r*(T(^4),Z p ) is known from [27, Th. 5.1]. (The 
assumption that the residue field is finite is not needed. For op. cit., Propo- 
sitions 5.3 and 5.4 and [1, Th. 7.1] show that the Bockstein spectral sequence 
converges strongly.) The result is that for m > 0, TT2m(T(A),Z p ) vanishes and 
ff2m-i(T(A),Zip) is isomorphic to A/(mcj)' K (7Tx))- The latter is a torsion group 
of bounded exponent. It follows that for m > 0, TT2 m T(A) is a uniquely di- 
visible group and TT2m-iT(A) is the sum of a uniquely divisible group and the 
torsion group TV2 m -i(T(A), Z p ). Since mT(k) is trivial, we see that tt2T(A\K) 
is uniquely divisible as stated. □ 

2.4. It follows from Proposition 2.3.1 that the homotopy groups with 
Z/p-coefficients n*T(A\K) form a log differential graded fc-algebra. We now 
evaluate this log differential graded fc-algebra and prove Theorem B of the 
introduction. 

The proof of Theorem B is based on the calculation in [27, Ths. 4.4, 
4.6] of the graded fc-algebra n*T(A) = n*(T(A),Z/p). The result, which we 
now recall, depends on whether p divides ex or not. We consider the graded 
fc-algebra 

B = A/p ® A{«i} ® S{a 2 } 

with the generators in the indicated degrees. Let C C B be the subalgebra 
generated by all elements aa\ a™ for which a € mx/pA or e = 1 or p divides 
m, and let I C C be the ideal generated by all elements aa\ou^~ for which 
a € rn^?~ jpA and m is prime to p. Then as graded /c-algebras, 

- T /^ ^ f B, if p divides e K , 

I C/I, if p does not divide ex- 

We note that, in the former case, the dimension of the A;-vector space ir q T(A) 

is equal to ex, for all q > 0. In the latter case, this dimension is equal to ex, if 

q is congruent to either —1 or modulo 2p, and is equal to ex — 1, otherwise. 

We also recall from [19, Th. 5.2, Cor. 5.5] that as a graded /c-algebra, 

it^T(k) = A{e} (8) S{a}, 

with the generators e and a characterized as follows: the Bockstein takes e 
to 1 and Connes' operator (2.1.2) takes e to a. It follows from the proof of [27, 
Ths. 4.4, 4.6] that the reduction map 

i*: Tt^T(A) — > 7f*T(fc) 
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is induced from a /c-algebra map B — > n*T(k), which in degree zero is given 
by the reduction A/p — ► k, and which takes the generators a.\ and «2 to zero 
and a unit times a, respectively. 

Since the group tt2T(A\K) is uniquely divisible, by Proposition 2.3.4, the 
integral Bockstein induces an isomorphism 

P:it 2 T(A\K) ^ p^TiAlK). 

We define k G tt2T(A\K) to be the class which corresponds to the generator 
dlog(-p) on the right. (Note that k £ ^T (7i p \Q p ) .) We now prove Theorem B 
of the introduction: 

Theorem 2.4.1. There is a natural isomorphism of log differential graded 
rings 

u *a,m) ®% S z/ P {n} ^ n*T(A\K), 
where dn = fed log (— p). 

Proof. It is clear that there is a map of graded fc-algebras as stated. We 
show that this is an isomorphism. 

Suppose first that p divides ex- We know from Proposition 2.3.4 that the 
map of the statement is an isomorphism in degrees q < 1. So it suffices to 
show that multiplication by n induces an isomorphism 

K:7t q T(A\K)^Tt q+2 T(A\K). 

To this end, we consider the long-exact sequence associated with the cofibration 
sequence of Theorem 1.5.6, 

• • • - Tt q T(k) -^ 7t q T(A) -i% 7t q T(A\K) -^ 7f g _iT(fc) - ■ ■ ■ . 

This is a sequence of graded 7f*T(.A)-modules, where 7t*T(A\K) (resp. 7f*T(fc)) 
is viewed as a graded 7f*T(.A)-module via the map j* (resp. i*). We claim that 
the map j* is an isomorphism for q = 2. Granting this for the moment, there 
exists k G TT2T(A) such that k = j*(k). And since tt2T(A) and tt2T(A\K) are 
both free ^4/p-modules of rank one, the class k is necessarily a generator. It 
follows that in the diagram 

► 7t q T(k) ^U it q T{A) -±> n q T{A\K) -^^-^(k) — ► • • ■ 



•I" 



► 7f g+2 T(fc) -^ 7f, +2 T(,4) -^ 7t q+2 T(A\K) -^ 7f,+iT(fc) — » • • • , 

two out of three of the vertical maps are isomorphisms. Hence, so are the 
remaining vertical maps. To prove the claim, we consider the diagram of 
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A/p-modules 

7t 2 T(A) -£-> p 7TlT(A) ^— p ^ 

7t 2 T(A\K) -^ p -kiT(A\K) ^— p u\ AMy 

The left-hand horizontal maps are isomorphisms since iT2T(A) and tt2T(A\K) 
are (uniquely) divisible. It follows from Proposition 2.3.4 that the right-hand 
horizontal maps are isomorphisms and that the right-hand vertical map is a 
monomorphism. But the domain and range of the latter are both fc-vector 
spaces of dimension ex- Hence, this map is an isomorphism. This proves the 
claim. 

Suppose now that p does not divide ex- Let L/K be a totally ramified 
extension such that p divides e^/x, and let B be the integral closure of A in L. 
Then we have a commutative diagram 



u 



(A,Ma) 



S{k} ► **T(A\K) 



W (B,M B )® 5 W "^ **T(B\L), 

and the lower horizontal map is an isomorphism. It is easy to see that there 
exists L/K for which the left-hand vertical map is a monomorphism. For 
example, one can take L = K[ttl\/(ttj^ + ttx(^l + !))■ Hence, the upper 
horizontal map is a monomorphism. The domain and range of this map are 
graded k- vector spaces concentrated in nonnegative degrees. The dimension of 
the domain is equal to ex in each degree. Hence the dimension of the range is 
at least ex in each degree. We can estimate the dimension of the range further 
by means of the exact sequence of k- vector spaces 

► it q T(k) ^U Tt q T(A) -^ n q T(A\K) -^ 7f 9 _iT(fc) - • • • . 

The dimension of n q T(A) is equal to ex, if Q = —1,0 (mod 2p), and is equal 
to ex — lj otherwise. The dimension of Tt q T(k) is equal to one, for all q > 0. 
It follows that the dimension of Tt q T(A\K) is equal to either e^ or ejf + 1, if 
q = — 1, (mod 2p), and is equal to ex otherwise. We argue that for q = — 1, 0, 
the dimension of ir q T(A\K) is equal to ex- This happens if and only if for all 
s > 0, the map 

i l :Tt 2p s-iT(k) ->■ TT2p S -iT(A) 

is nonzero. We show that the class vr^ - ai<y^~ on the right is in the image 
of v, or equivalently, that it maps to zero under j*. If ex > 1, we can write 
e-K— 1 ps—l es--2 ps— 1 

71-^ a\(X 2 = tt£ «i • 7r^a2 
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The image of this class under j* is equal to a unit in A/p times the class 

W^dlogTTK-irKH? 8 - 1 . 

But this class is in the image of the ring homomorphism 

w (*a,m) ®% S z / p {k} -> n*T(A\K) 

and the product is equal to zero on the left. Hence i*(7r|^~ a\a^~ ) is equal 
to zero. Finally, in the unramified case we choose a totally ramified extension 
K/Kq such that p does not divide ex and consider the diagram 

^2 P s-\T{k) — — ► Tt 2 p S -iT(W(k)) 

■ 1 

K2ps-l T (k) " y K2ps-lT(A). 

We have just proved that the lower horizontal map is a monomorphism, for all 
s > 0. And the left-hand vertical map is an isomorphism since ex is prime to 
p. Hence the top horizontal map is a monomorphism. We have proved that 
the map of the statement is an isomorphism of graded /c-algebras for all K. In 
particular, the class dn on the right is the image of an element on the left. To 
determine this element, we may assume that K = Q„. In the diagram 

7T 3 T(Z p \Q p ) ^-^ 7f 2 T(F p ) 



Tt 2 T(Z p \Q p ) -^^ vfiT(F p ) 

the horizontal maps and the right-hand vertical map are isomorphisms. Hence 
also the left-hand vertical map is an isomorphism. This shows that dn = 
uK,dlog(—p) with u G Fp . We show in remark 5.3.3 below that in fact u = 1. □ 

Remark 2.4.2. An argument similar to [27, §5] shows that for m > 0, 
there exists a noncanonical isomorphism 

Tr 2m -i(T(A\K),Z p ) =* A/(rmr K( f>' K (iT K )) 

and that H2m{T{A\K), r L p ) vanishes. It would be interesting to give a functorial 
description of the left-hand group analogous to Proposition 2.3.4. 

Let L/K be a Galois extension with Galois group G^/x- The descent 
problem for topological Hochschild homology asks under what conditions the 
canonical map 

T(A\K)^M-(G L/K ,T(B\L)) 

is a weak equivalence. It is not hard to see from Theorem 2.4.1 that this is false 
in general, e.g. for a cyclotomic extension Q> p (fi p «)/Q p with n > 1. However: 
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Theorem 2.4.3. Let L/K be a finite and tamely ramified Galois exten- 
sion. Then the canonical map induces an isomorphism 

n*T(A\K) -^ tt*W(G l/k ,T(B\L)). 

Proof. It will suffice to show that for all t > 0, the G^/x-module Tt t T(B\ L) 
is isomorphic to B/p. Indeed, a classical theorem of Noether, [9, 1.3, Th. 3], 
states that B is isomorphic to ^[G^/k] as a Gx/^-module, if and only if L/K 
is tamely ramified. Hence, the spectral sequence 

E% = H~ S (G L/K , w t T(B\ L)) =» 7t s+t M-(G L/K , T(B\ L)) 

collapses to yield the isomorphism of the statement. 

We use Theorem 2.4.1 to get the natural isomorphisms 

K i :it £ T(B\L)^Tt 2t+£ T(B\L). 

Hence, we only need to consider TtoT(B\L) and ttiT(B\L). The former is 
naturally isomorphic to B/p regardless of whether L/K is tamely ramified 
or not, and the latter is naturally isomorphic to uj\ b M -,/p. We have from 
Lemma 2.2.3 that 

U (A,M A )/P = A /P ■ dlo S^K, 

and since L/K is tamely ramified, Lemma 2.2.6 shows that 

uj1 (B,Mb)/P = B /P ' dl °S^K- 

Hence, also coj B M -,/p is is isomorphic to B/p as a G^/x-module. D 

3. The de Rham-Witt complex and TRl(A\K;p) 

3.1. In this paragraph, we evaluate the integral homotopy groups TRJ (A|if ; p), 
for i < 2. We first consider Witt vectors, see e.g. [35, Appendix]. 

The ring W n (R) of Witt vectors of length n in R is the set of n-tuples 
in R but with a new ring structure characterized by the requirement that the 
"ghost" map 

w:W n (R)^R n , 

which to the vector (ao, , . . . , a n _i) associates the sequence (wq, ■ ■ ■ , w n -i) with 

w s = a P Q + pa\ H h p s a s , 

be a natural transformation of functors from rings to rings. If R has no p- 
torsion then the ghost map is injective. If, in addition, there exists a ring 
endomorphism (ft: R — ► R such that a? = (ft(a) (mod pR), then a sequence 
(wq, . . . , w n -i) is in the image if and only if w s = (ft{w s -\) (mod p s R), for all 
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< s < n. If R = ZLYJ, the ring homomorphism which maps X a to X p is 
such an endomorphism. Let 

_ n . R -+ W n (R) 

be the multiplicative section given by a n = (a, 0, . . . , 0). 

Lemma 3.1.1. If p is odd then V(l) = — p and — 1 = —1 modulo 
pW n (R). ~" 

Proof. By naturality, we may assume that R = Z. Now, 

w(p n + V(l))=p(l,l+pP- 1 ,l+pP 2 - 1 ,l+pr 3 - 1 ,...), 

and therefore it is enough to show that the sequence 

(l,l+pP-\l+pP 2 -\...,l+pP n - 1 - 1 ) 

is in the image of the ghost map. The identity (f>: Z — > Z has the property that 
a p = 0(a) (mod pZ). Hence, this sequence is in the image of the ghost map if 
and only if for all 1 < s < n, 

1+pP*- 1 = 1+pP^ 1 -! (modp s ). 

This is true, if p is odd, but fails for p = 2 and s = 2. The second congruence 
of the statement is proved in a similar manner. □ 

In general, (x + y) and x n -\-y are not equivalent modulo pW n (A). How- 
ever, we have the following: 

Lemma 3.1.2. For all x,y G R, 

{x + yf n = {x n + yJ = xF n +f n 

modulo pW n (R). 

Proof. The right-hand congruence is valid in any ring. To prove the left- 
hand congruence, we place ourselves in the universal case R = Z[x,y]. The 
ghost map 

w:W n (R) ^R n 

is an injection and maps the vector x^ + y p — {x + y ) p to the sequence 

(3* + yP - ( x + y)P : . . . , X P n + yP n - ( x + y )P"). 

As an element of R n this is divisible by p. We must show that the quotient is 
in the image of the ghost map. By the criterion recalled above, we must show 
that 

{x pS+1 + y p3+1 - (x + y) pS+1 )/p = {x pS+1 + y pS+1 - {x p + y p ) pS )/p (mod p s ), 
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or equivalently, that 

(x + y) pS+1 = {x p + y p f (mod p s+1 ). 

But this follows from 

(x + y) p = x p + y p (mod p) 

and from the fact, valid in any commutative ring, that a = b (mod p) implies 
a pS = If 8 (mod p s+1 ). Indeed, one easily sees that a = b (mod p ) implies 
that dP = IP (mod p ), and the desired formula then follows by simple 
induction. □ 

Now, from Lemma 3.1.2, for every ring R, the map 

R - W n (R) = W n (R)/p, 

which takes x to the class of x^, is a ring homomorphism. Let A be a complete 
discrete valuation ring with quotient field K and perfect residue field k of 
mixed characteristic (0,p). We recall from (2.2.1) that there is a unique ring 
homomorphism /: W(k) — » A such that the induced map of residue fields is 
the identity homomorphism. Hence, we have a ring homomorphism 

(3.1.3) Pn : k -» W n (A) 

which to x assigns f{x l / p ) p +pW n (A). Here x l / p € W(k) is any element whose 
residue class modulo p is the unique p-th root of x. We will always view W„(^4) 
as a fe-algebra via the map p n . We note that 

R{p n {x)) = Pn-l(x), F(p n (x)) = p n -i(x P ). 

Let ir = ix k be a uniformizer with minimal polynomial x eK + p9k{x). We 
introduce the modified Verschiebung 

(3.1.4) K: Wn-iM -> W n (A), V n (a) = 6 K {lLn)V{a), 

where OxiKn) 1S the image of 9k{x) under the fc-algebra map k[x] — >• W" n (^4) 
which to x assigns the class of n n . The composite FV n is zero modulo p. 

Proposition 3.1.5. Suppose that p is odd. Then the k-algebra W n (A) 
is generated by the elements V^(tt_ 1 ) with < s < n and i > subject to the 
relations 







if = s < t < n, 
ifO<s<t<n, 



Proof. The k- vector space W„(^4) is generated by V s (tt_ 1 ) with < s < n 
and i > 0. Indeed, write a G A as a = Xdir + ■ • • + Xq with Xi G W(k). Then 

V s (a) = V s (x d 7T d ) + ■■■ + V s (xo) = V^pn^x^) + • • • + V s ( Pn - s (x )) 
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modulo V 8+1 W n (A), and 

Since Ok(k) is a unit, we instead can use the elements V^(tt_ 1 ) as generators. 
In general, for s < t, 

from which the first relation follows. Next, Lemmas 3.1.1 and 3.1.2 show that 
vr e * = -p • 6 K (ir) = V(1) 9 k (tt) = V(( 9 K (ir) r) 

= v(e^( 2L p)) = v(i)e K ( 7L ) = v 7: (i), 

where 9 K (x) denotes the image of 9k{x) under the automorphism of k[x] in- 
duced by the Frobenius of k. The second relation is an immediate consequence. 
It remains to prove that there are no further relations. The sequences 

_> A/p ^ ► W n (A) ^ Wn-iiA) -> 

are exact, since W n (A) is torsion-free, and show that W n (A) is an nex- 
dimensional fe-vector space. The relations of the statement imply that 

grf, W n (A) = k{vM) | < i < e K }, 

which is an ex-dimensional /c-vector space. Thus there can be no further 
relations among the V^(t£ 1 ). □ 

3.2. A pre-log structure a: M — ► R on a ring R induces one on W n (R) 
upon composition with the multiplicative section _ n :R — > W n {R). We write 
(W n (R),M) for this log ring. We now assume that p is odd and that R is a 
Z( p )-algebra. 

Definition 3.2.1. A log Witt complex over (R,M) consists of: 

(i) a pro-log differential graded ring (E*,Me) together with a map of 
pro-log rings A: (W.(R),M) -» (E?,M E ); 

(ii) a map of pro-log graded rings 

such that XF = FX and such that 

Fd\og n a = dlog n _ l a, for all a € M, 
Fda n = Qn~l 1 da n _ 1 , for all a £ R; 
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(iii) a map of pro-graded modules over the pro-graded ring E* , 

V:F*E* n ^E* n+1 , 

such that XV = VX, FV = p and FdV = d. 

A map of log Witt complexes over (R,M) is a map of pro-log differential 
graded rings which commutes with the maps A, F and V. 

The following relations are valid in any log Witt complex: 
dF = pFd, Vd = pdV, V{xdy) = V{x)dV{y). 
Indeed, V(xdy) = V{xFdV{y)) = V{x)dV{y), and 

dF(x) = FdVF{x) = Fd(V(l)x) = FdV(l)F(x) + FV(l)F(dx) 

= d(l)F(x) +pFd(x) =pFd(x), 

Vd{x) = V(l)dV(x)=d{V(l)V{x))-dV(l)V(x) 

= dV{xFV{\) - V{xd{\))) = pdV(x). 

Proposition 3.2.2. The category of log Witt complexes over (R, M) has 
an initial object W.ojf RM y Moreover, the canonical map is surjective: 

Proof. This is a fairly straightforward application of the Freyd adjoint 
functor theorem, [29, p. 116]. For a detailed proof, we refer the reader to 
[17, §1]. ' U 

We note that W. ^? RM \ = W.(R). For we may consider (W.(R),M) a 
log Witt complex concentrated in degree zero. Moreover, from [17, Th. D] we 
have: 

Addendum 3.2.3. The canonical map is an isomorphism: 

^ : u \rM) — y Wl ^*RM) ■ 

The filtration of a log Witt complex by the differential graded ideals 

Fil s El = V s El t _ s + dV s Et} s C El 

is called the standard filtration. It satisfies 

F(Fil*£;) C FU- 1 ^.!, 
F(Fil s ^) C Fil s+1 K +1 , 

but in general is not multiplicative. 

Lemma 3.2.4. The restriction map induces an isomorphism 

W n u\ R ,M) I FilS W n u{ R ,M) ^^ W s ^(R,M) ■ 
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Proof. For a fixed value of n — s, the nitration quotients 

' w > "\r,m) = Wn u U,m)/ ms Wn ^Um) 

form a log Witt complex over (R, M) . We show that it has the universal 
property. Let (E*,Me) be a log Witt complex over (R, M). Then there exists 
a map of log Witt complexes over (R, M): 

Indeed, the standard filtration is natural, so we have maps 

W n u\ RM) / Fil s W n u\ RjM) - EU Fil s &„->&„ 

where the right-hand map is induced from the restriction maps in E* . We 
must show that this map of log Witt complexes is unique. To prove this, it 
will suffice to show that the canonical map 

is surjective. But this follows from the commutativity of the diagram 



(Wn(R),M) VVn ^(R,M) 



Wm^m »^ > 'W s ioi 



y (Ws(R),M) " sU/ (B,M) 

since the top horizontal and right-hand vertical maps are surjective. □ 

We define a map F n ~ 1 d: W n (R) — > u>} R M \ by the formula 

1 „n — 1 i ^.n — 2 I 

F ~ d{a) = <2q dciQ + a-i da\ + • • • + oo n _i, 

where a = (oo, • • • , a n _i). One easily verifies that F n ~ 1 d is a derivation of 

\r,m) 
holds: 

dF n " 1 = p n - l F n - l d. 



W n (R) into the W n (i2)-module (F n l )*uj} R M) and that the following relation 



It follows immediately from the derivation property that the formula 

a • (wi,W2) = (F n - 1 (a)u 1 ,F n - 1 (a)i02 - F n - l da-uj 1 ) 

defines a W n (i2)-module structure on cvl R M -> ®u) R M y And the relation shows 
that 

is a map of W n (R)-modules. We let hWn^\ R M) ^ e the quotient W n (.R)- 
module. This definition is motivated by Lemma 3.3.3 below. 
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Lemma 3.2.5. There is a natural exact sequence of W n (R)-modules 

i pn-h* , ,i— 1 d i rpn—l\*, ,i 



Proof. Indeed, as an abelian group, hW n ul RM \ is equal to the push out 

i— 1 ^ j 

U (R,M) * W (il,iM") 



| p n_! 



i-1 

(ii,M) " ' htVnLU (R,M) 



W % , D \* —^ hW n UJ 



so the underlying sequence of abelian groups is exact. One readily verifies that 
the various maps are W n (i?)-hnear. □ 

Proposition 3.2.6. For any log ring (R,M), there is a natural exact 
sequence of W n (R)-modules 1 

AT " /? 

hW n u\ RM ^ — ► W n u % {RM) — > Wn-iu\ RM) -> 0, 

w/iere JV(wi,W2) = dV^ACwi) + V n - 1 X{u 2 ). 

Proof. It follows immediately from Definition 3.2.1 that for all a € W^-R), 

\{F n - 1 da)=F n - 1 d\{a), 

and hence iV is W n (12)-linear. Since the image of TV is equal to Fil n_1 W n uj 1 , r M s , 
the statement follows from Lemma 3.2.4. □ 

Corollary 3.2.7. Let A be a complete discrete valuation ring of mixed 
characteristic (0,p) with perfect residue field, and let a: M — > A be the canon- 
ical log structure. Then for all n > 1 and i > 2, W n uj % , AM -, is a uniquely 
divisible group. 

Proof. Lemma 2.2.4 shows that u l , A M -, is uniquely divisible, if i > 2. It fol- 
lows that hW n u% m n is uniquely divisible, if i > 3, and an induction argument 
based on Proposition 3.2.6 shows that so is W n io l , A M y The group hW n uJ} A m n 
is a direct sum of a uniquely divisible group and the group uj\ a j^\/p n ~ l - Hence 
W n uj? a M \ is a direct sum of a uniquely divisible group and a finitely gener- 
ated torsion W (k)-module. It is therefore enough to show that the modulo p 
reduction W n u? A M ^ is trivial. Inductively, it suffices to show that the map 

dV n : w (AiM ) -> W n U( A ^ M ) 
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is trivial. The map is fc-linear, and the domain is generated as a A;-vector space 
by the elements 7r^dlog7rx with < i < ex- Now the relation 

i£ K +e K (z n )v(i), 

valid in W n (A), shows that V n ~ 1 (ir 1 K dlogirK) = V n ~ 1 (ir l K )dlog n iTK is either 
trivial or contained in the span of elements of the form n J K dlog n iTK- But 
these elements have vanishing differential. □ 

3.3. We refer the reader to [17, §2] for a fuller discussion of the following 
result. 

PROPOSITION 3.3.1. The homotopy groups TRl(A\K;p) form a log Witt 
complex over (A, M), provided that p is odd. In particular, there is a canonical 
map 

w.u* {A:M) ^tr;(A\k- p ). 

Proof. We recall from Proposition 2.3.1 above that for all n > 1, the homo- 
topy groups TR™ (A\K;p) form a log differential graded ring whose underlying 
log ring is (W n (R), M). The relation that for all a G M, 

Fdlog n a = dlog n _ 1 a, 

is immediate from the definition of the maps F and dlog„, and the remaining 
relations are proved in [19, Lemma 3.3] and [16, Lemmas 1.5.1 and 1.5.6]. □ 

The homotopy groups of the homotopy orbit spectra, 

h TR r :(A\K;p)=7r*(U.(C pn -i,T(A\K))), 

are differential graded modules over TR™(A\K;p), and there are TR"(A\K;p)- 
linear maps 

F: h TR:(A\K;p) ^ F*( h TRr\A\K;p)), 
V:F*{ h TRT\A\K-p)) - h TB^(A\K;p), 

which satisfy that FdV = d and FV = p. Moreover, there is a natural spectral 
sequence of W n (A)-modules, 

(3.3.2) E\ t = H s (C pn -^(F n - l T n t T(A\K)) => h TR^ +t (A\K;p). 

The reader is referred to [16, §1] and [19, §5] for proofs of these statements. 

Lemma 3.3.3. Let t:u l f AM \ — > TTiT(A\K) be the canonical map. Then 
the map 

hW n u\ AM) - h TR?(A\K;p), 

(W1,W2) ^ dV n - 1 l(wi)+V n -h(W2), 
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is a map of W n (A) -modules. It is an isomorphism for i < 1, and for i = 2, 
there is an exact sequence 

(F n - l )*(A/p n ' 1 ) -> ^ nW ^ - h TR2(A|tf;p) - 0, 

where the map on the left takes a to (da, 0). 

Proof. If a G W / n ( J 4), wi G W/^V) and u; 2 G W/ AjM n, then 

o-dV^-Vwi) = d(a ■ V n -\{u{}) - da ■ V 71 - 1 ^) 

= dV n ~ 1 {F n - 1 a ■ t(wi)) - V"" 1 ^" 1 ^ • t(wi)) 

= dV n ~ l i{F n - l a ■ wi) - r- 1 ^"- 1 ^ • wi)), 

which shows that the map of the statement is indeed a map of W n (-A)-modules. 
The map t is an isomorphism for i < 2. So the spectral sequence gives an 
isomorphism of W n (.A)-modules 

i0 :(F n - l yA^ h TK n (A\K-p) 

and a natural exact sequence of W n (.A)-modules 

_+ (F"" 1 )*^) -^ h TR?(A|tf;p) -> (F™- 1 )*^/^" 1 ) - 0. 

The sequence of Lemma 3.2.5 maps to the sequence above, and the map of the 
left-hand terms is an isomorphism. It remains to show that the same holds for 
the map of the right-hand terms. This map is induced from the composite 

A - h W n oj\ AM) - h TW{(A\K;p) - A/p^ 1 

which in turn may be identified with the map 

Ho(C/pn-l,A) — ► H-l[Cpn—l , A) 

given by multiplication by the fundamental class [T/CLn-i]. This map is an 
epimorphism with kernel p n ~ 1 A, and the lemma follows for i = 1. The state- 
ment for i = 2 is proved in a similar manner, using the spectral sequence in 
total degree < 3 and Proposition 4.4.3 below. □ 

Remark 3.3.4. For i < 1, the proof above does not use the fact that A is 
a discrete valuation ring beyond the definition of T(A\K). In effect, the same 
proof gives an isomorphism 

h W n n 1 R -^TriM.(C pn -i,T(R)), 

for any Z( p )-algebra R. 
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Since uj? a m n is a uniquely divisible group, by Lemma 2.2.4, the spectral 
sequence (3.3.2) gives an exact sequence of W / n (^4)-modules 

(F n - l y{A/ V n - 1 ) -*+ (F n - l y(co} AM) /p n ~ l ) -> h TR%(A\K;p,Z p ) -, 0, 

and d is W n (.A)-linear since dF n ~ l = p n ~ 1 F n ~ 1 d. If ttk is a uniformizer, then 
dlogirx represents a class in the cokernel. We denote this class by [dlogTTKJn- 

Lemma 3.3.5. The map of W n {A)-modules 

F: h TR%(A\K ; p, Z p ) - hTR^ 1 (A\K; p, Z p ) 

is a surjection whose kernel is generated by p n ~ 2 [d log itk]™,- 

Proof. The exact sequence above shows that the map of the statement is 
a surjection and that the kernel is a quotient of the cokernel of the following 
map: 

{F n-ly {p n-2 A/p n-l A) J± ^n-ly (p^cof^/p^W^). 

Hence, it suffices to show that this cokernel is generated by p n ~ 2 [dlog wkJu- We 
consider the polynomial ring P = W(k)[x] with the pre-log structure a: No — > 
P given by a(i) = x l . The map of W (k)-algebias e: P — ► A, e(x) = ttk, 
preserves the pre-log structure and induces a surjection u>} p N >. -» ojL m n. 

It follows that the map p l Lo} p N \ -» P 1 oj} a m) 1S a surjection for i > 0, and 
therefore it will be enough to show that the cokernel of the map 

is generated as a W n (P)-module by the canonical image of p n ~ 2 dlogx. Now as 
a P-module, the quotient p n ~ 2 uj} p N Jp n ~ 1 uj} p N , is generated by p n ~ 2 dlogx, 
and hence the W n (P)-module (F n ~ l )*(p a ~ 2 uj} pnQ Jp n ~ l uj} pn ^ is generated 

by the elements p n ~ 2 dlogx and p n ~ 2 x p dlogx, < i < n — 1. But the last 
n — 1 generators are all in the image of the map d: 

p n - 2 x p ' dlogx =p n - 2 - i d(x pl ). 

Hence the cokernel of d is generated by p n ~ 2 dlogx, and the lemma follows. □ 

Proposition 3.3.6. The sequences 

- h TR?(A\K;p) -^ TR?(A|tf;p) -^ TR?" 1 ^;?) -> 

are exact for i < 1, and TR2(A\K;p) is uniquely divisible. 

Proof. The statement for i = is [19, Prop. 3.3] and for i = 1 is equivalent 
to the statement that the norm map is injective. The corresponding sequence 
of maximal uniquely divisible subgroups is exact, since F n ~ l o N is injective on 
this part. Hence, it suffices to show that TPJ? - (A\K;p) is uniquely divisible. 
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We show by induction onm>l that TH™ (A\K ; p) is uniquely divisible, 
or equivalently, that TH™(A\K;p, Z p ) vanishes. The basic case m = 1 follows 
from Proposition 2.3.4 and Lemma 2.2.4. In the induction step, we show that 

d K ,m: TPJT 1 (A\K- p, Zp) -» ^TR^tf; p, Zp) 

is surjective. We first consider the case m = 2. In the diagram of ^(A)- 
modules 

TRi(A|^;p,Z p ) ^^ h TRl(A|tf;p,Zp) 



6 



6 



TB%(k;p) ^> hTRJ(k;p), 

the lower horizontal map and the left-hand vertical map are both surjections. 
Indeed, for the former, this was proved in [19, Th. 5.5], and for the latter, it 
follows from the fact, proved in [27], that TRr>(yl;p, Z p ) is trivial. The upper 
right-hand group Q is a quotient of the W2(-A)-module M = F*(uj\ AM ^/p). 
We claim that M is annihilated by the ideal I = VW2{A) +pW2(A). Indeed, 
as an abelian group M is p-torsion and FV = p. It follows that also Q is 
annihilated by I, and we can therefore view it as a module over the quotient 
ring W2(A)/I. This ring is isomorphic to A/p, the isomorphism given by 

W 2 (A)/I ^ A/p, a + I^R(a)+pA, 

and we let g:A/p — ► W2(A)/I denote the inverse. The A/p-module g*Q is 
generated by the class [dlog7Tx]2- The image of this class under the right- 
hand vertical map is a generator i\ of the W-^^-mc-dule / l TR 1 (/c;p), which is 
isomorphic to k. We now pick a € TKl(A\K;p, Z p ) such that 5(dK,2(p)) = L i- 
The difference (3 = dK,2{ot) — [d\ogirK\2 is in the kernel of 5, and therefore, 

(3 = g(xir K ) ■ [dlog7TA-]2, 

for some x £ A/p. We then have 

5(1 + xir K ) ■ [dlogirxh = d K ,2(a), 

and since (1 + xttk) G (A/p) x , 

[dlog7r K }2 = (5(1 + xttrY 1 ) ■ d K ,2(a). 

We would like to know that the map of units 

W ^AY - (W 2 (A)/ir 

is a surjection. This will follow if we know that the I-adic topology on W^(-A) 
is complete and separated. But the formula 

V(x) ■ V(y) = V{FV{x)y) = V(pxy) = pV{xy) 
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implies that the I-adic and p-adic topologies on W^f^) coincide, and the p-adic 
topology is complete and separated. So we can find a unit u G W2(A) X such 
that u + I = g(l + xttk)- Since dx,2 is W2(-A)-linear, 

[d\ogir K } 2 = u' 1 d K ,2(a) = dx^iu^a), 

which concludes the proof for m = 2. 

We now proceed inductively, and consider the diagram 

TR™-\A\K;p,Z p ) -^ h TR^(A\K;p,Z p ) -^ TR^(A\K;p,Z. 



i>> 



F 

»m — 2/ A I TS. „ ^ N "-ff.™- 1 rpT>m— 1 



F 



F 



Inductively, the map dK,m-i is surjective, and the left-hand vertical map F is 
surjective by Lemma 5.6.1. Moreover, the kernel of the middle vertical map 
is generated as a W m (A)-module by the class p m_2 [dlog7rx] m - It therefore 
suffices to show that this class is in the image of <9#r, m in the top row, and 
this in turn will follow if we show that the class [dlogirK]m is in the image of 
dK,m- To see this, we pick a G TR™~ (A\K;p),Z p ) such that dK, m -i(F(a)) = 
[dlog7rR-]m-i- Then (3 = dK, m (a) — [dlogTrxjm is in the kernel of the middle 
vertical map, so we can write (3 = x • p m ~ 2 d\ogir k ■, for some x £ W m (A). But 
then 

(1 +p m ~ 2 x)[d\ogTT K ] m = d K , m {a), 

and hence 

[dlog7r^] m = (1 +p m - 2 x)- 1 d K , m {a) = d K , m ((l +p m - 2 x)- 1 a), 

where the inverse exists since the p-adic topology on W m {A) is complete and 
separated. □ 

Addendum 3.3.7. The group TRJ^-Ajp) is uniquely divisible for all n. 

Proof. It suffices to show that TR^^p, Z p ) is trivial. We prove this by 
induction, and refer to the proof of Proposition 2.3.4 for the case n = 1. Since 
TR2 (A\K;p,Z p ) vanishes, there is an exact sequence 

TR%(A\K;p,Z p ) -^ TR«(fc;p) - TR^(A;p,Z p ) - 0, 

and we must prove that the map S n is surjective. We consider the diagram 

TR%(A\K;p,Z p ) ^^ TR£(A;;p) 



F 



F 



TR n z -\A\K-p,Z p ) -^ TR r 2 l -\k;p). 
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The map 5 n -\ is surjective by induction, and the left-hand vertical map is 
surjective by Lemma 5.6.1. Moreover, it was proved in [19, Th. 5.5] that the 
right-hand vertical map F is a surjection whose kernel is equal to the image of 
the map 

V:TRr 1 (k;p)^TR^(k;p). 



Since the square 



TRr 1 ^;*^) ^^ Tjq-Hbp) 



V 



v 



TR£(yl|K;p,Z p ) ^^ TR%(k;p) 

commutes and the top horizontal map is a surjection, the proof of the induction 
step is complete. □ 

Theorem 3.3.8. The canonical map 

W n col AM) ^TR n q (A\K;p) 

is an isomorphism, for q < 2, and a rational isomorphism, for all q > 0. 

Proof. The proof is by induction on n starting from Proposition 2.3.4. In 
the induction step, we use the exact sequences of Lemma 3.2.6 and Proposi- 
tion 3.3.6, 

hW n e>f AtM) — ► W n iv q (AM) -^ W n -!ul AtM) — ► 



— h TR n q (A\K;p) -^ TR^(A\K;p) -^ TR n f\A\K-p) — , 0, 

where the lower sequence is exact, for q < 1, and exact modulo torsion, for all q. 
If g < 1, the left-hand vertical map is an isomorphism by Lemma 3.3.3, and 
hence the statement follows in this case. When q = 2, the left-hand vertical 
map is an epimorphism with torsion kernel. Since the domain and range of the 
middle and right-hand vertical maps are both divisible groups, the statement 
follows. □ 

In the proof of Proposition 3.3.6, Addendum 3.3.7, and Theorem 3.3.8 
above for n > 3 we have used Lemma 5.6.1 below. However, the lemma is not 
needed to prove these statements for n < 3. In particular, the proof of the 
following result does not use Lemma 5.6.1. 

Addendum 3.3.9. The connecting homomorphism 

d:TR\(A\K;p,Z/p) -+ h TRJ(A\K;p,Z/p) 
maps k to dV(l) — V(dlog(—p)). 
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Proof. To prove the statement, we apply Lemma 3.3.10 below to the 3x3- 
diagram obtained from the smash product of the coefficient cofibration se- 
quence 

S° JU S° -U M p -^ S 1 

and the fundamental cofibration sequence 

h TR n (A\K;p) -^ TR n (A\K;p) -^ TR"- 1 (A\K;p) -^ E( h TR n (A\K;p)). 

Since TR2(A|i"f; p) is uniquely divisible and TRo(A\K;p) torsion-free, the 
lemma shows that the connecting homomorphism of the statement is equal 
to the opposite of the connecting homomorphism associated with the diagram 

— h TRl(A\K;p) -^ TRl(A\K;p) -^ TR\(A\K;p) — 

l p l p l p 

— A TR?(yl|K;p) -*♦ TR2(A|^;p) -^ TR}(A|^;p) — 0. 

And by Theorem 3.3.8, this diagram is canonically isomorphic to the diagram 



1 P [ P 



— ► ftWso;^ -£♦ ^w^, -^ Wi^( A m) — ► °- 

The Bockstein maps ft to dlog(— p) £ W±u>} A M s, which is the image by the 
restriction of dlog 2 (—p) € W^wLj^. To evaluate pdlog 2 (— p) we use the 
formula 

-( I p) 2 +ni)=Ki+/ _ Mi)). 

which one readily verifies using the ghost map. Differentiating, we find 

-d(-p) n + dV(l) = pP- 2 dV(l) = 0, 
and if we multiply by dlog 2 (—p), we get 

- d(-p) + V(dlog(-p)) = pdlog 2 (-p) + pP^Vidlogi-p)) =pdlog 2 (-p). 
This shows that pd\og 2 {— p) = V(dlog(—p)) — dV(l) as desired. □ 
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Lemma 3.3.10. Given a 3 x 3-diagram of cofibration sequences 



911 
E21 

921 
E31 

EEn 



/ll 


/21 


/31 


s/11 



■£'12 

E22 

[922 

E32 

{9,2 

S-E'12 



/1: 



h'2 



S/l: 



E13 


> 


EE U 


i 9vi 






Sgii 


E23 


> 


HE21 


[923 






£921 


E33 


/33 

> 


HE31 


{933 


(-1) 


|-E 511 


HE13 


-S/13 

> 


s 2 


-En 



and classes eij € tt*^- such that §33(633) = £/i 2 (ei 2 ) and f 33(633) = £521 (e 2 i). 
Then the sum / 2 i(e 2 i) + <7i 2 (ei 2 ) is in i/ie image of ir*Eu — > tt*E22- 

3.4. The fc-algebra W'n(i) was evaluated in Proposition 3.1.5 above. We 
now evaluate the differential graded fc-algebra W n ujJ A M y Let 7r = 7rx be a 
uniformizer. Then the modified Verschiebung from (3.1.4) satisfies 

FdV^(o) = e K (T L ) p da. 

Let r = r(i, ex) = v p (z - pe K /(p - !))• 

Proposition 3.4.1. TTie differential graded k-algebra E* = Wnto*^^ 
is concentrated in degrees and 1 and satisfies: 

(i) yl k-basis for E\ is given by the elements V^(7r J dlog7r), where < i < 
eft- and < s < r, and dV£(if), where < i < ex and r < s < n. Moreover, 
T/^(Vdlog7r) vanishes, if s > r, dV^n 1 ) vanishes, if s <r, and 

dW) = P' r (i ~ pe K /(p ~ 1)) • Wdlogvr). 

(ii) The E® -module structure on E\ is given by 

dV^i+J) _ iVl(T{P H +id\o% vr) if = s < t, 



V:(7L l )dV^) 



V'i&VZtfdlogir) 



-iVt(9 K (K) pt ^Vr 1 " 1 )^' Si +^log7r) if0<s<t, 
jV^(e K (-T L f t(,L l^ 1 ' 1) TL l+ P 8 '^d\ogTi) ifs>t, 

VJ(TL pH+j dlogTr) if 8 = 0, 
V^(K i+pSj dlogn) ift = 0, 
otherwise. 



Proof. It follows from Propositions 3.1.5 and 3.2.2 that E* is generated, 
as a graded /c-vector space, by the monomials in the variables V£(-if), dV*(if), 
V^dfdlogTt), and dV£ (ifdlogit) with < s < n and i > 0. Theorem 3.3.8 
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and Corollary 3.2.7 show that E^ vanishes, for q > 2. In particular, the latter 
generators, which are of degree two, must vanish. 

We verify the relations in (i). If s < r then p~ s (i + peK(p s — l)/(p — 1)) is 
an integer, and iterated use of the second relation in Proposition 3.1.5 shows 
that 

It follows that dV^(n l ) vanishes, if s < r, and that dV£ (V) and V^(7rMlog7r) 
are related as stated. And since V n d is the zero homomorphism, this also shows 
that for s > r, V* (it? d log -k) = V^~ r V£(ir l dlogTT) vanishes. 

The formulas in (ii) are readily obtained by differentiating the first set of 
relations in Proposition 3.1.5. If, for instance, < s < t < n, we find that 

V^TLldV^) = -dV:(^)V^) = -V^dV^t)^) 

s + 1 

= -ivt{e K { 1L y t ~ s(1L ^T 1 - l \v t ~ Si+ id\ogK), 

and the remaining formulas are verified in a similar manner. It remains to 
prove that this gives all relations in E\. This is the case if and only if E\ is 
an ne^ -dimensional k- vector space. We prove in Proposition 6.1.1 below that 
this is indeed the case, and hence there can be no further relations. □ 



4. Tate cohomology and the Tate spectrum 

4.1. Let G be a finite group and let A; be a commutative ring. The norm 
element Nq £ kG is defined as the sum of all the elements of G. If M is a left 
/cG-module, multiplication by Nq defines a map 

N G :M G -> M G 

from the coinvariants Mq = k <S>kG M to the invariants M = Hom/%G<(&;,M). 
We note that for left A;G-modules M and N, there are canonical isomorphisms 

(M <g> N) G ^ c*M ® kG N, Hom(M, N) G ^ Rom kG (M, N), 

where c*M denotes the right kG- module with m ■ g = g~ 1 m. 

Let e: P — > k be a projective resolution and let P be the mapping cone of 
e such that there is a distinguished triangle (see §2.1 above) 

P ^ k -^ P -fU SP. 

Definition 4.1.1. Let M be a left kG- module. The Tate cohomology of 
G with coefficients in M is given by 



H*(G, M) = H_4(P <g> Hom(P, M)) 



G\ 



60 LARS HESSELHOLT AND IB MADSEN 

It is clear that the Tate cohomology groups are well-defined up to canonical 
isomorphism. We show that the definition given here agrees with the usual 
definition in terms of complete resolutions, [5, Chap. XII, §3]. 

Lemma 4.1.2. The following maps are quasi-isomorphisms: 

(P<g>M) G -^ (P®M) G ^^ (P<g>Hom(P,M)) G 



Proof. We first show that the norm map is an isomorphism of complexes. 
It will suffice to show that the norm map 

{kG®M) G ^(kG®M) G 

is an isomorphism, for both sides commute with the formation of arbitrary 
direct sums. Let r]: k — > kG and e: kG — > k be the unit and co-unit of the Hopf 
algebra kG, respectively. Then we have an isomorphism of left /cG-modules 

£: kG ® e*f]*M ^ kG <g> M, i{g®x) = g®gx. 

The left-hand side is isomorphic to a direct sum indexed by the elements of 
G of copies of M, and G acts by permuting the summands. Hence N is an 
isomorphism. 

In order to show that the right-hand map of the statement is a quasi- 
isomorphism, we filter the double complex on the right after the first tensor 
factor. This gives, by [1, Th. 6.1], a strongly convergent fourth quadrant 
spectral sequence 

E\ t = H t {(P s ® Hom(P, M)f) =* H s+t {(P ® Hom(P, M)f), 

and hence, it suffices to show that for all s > 0, the map 

(P s M) G ^^ (P s Hom(P, M)) G 

is a quasi-isomorphism. Since both sides commute with filtered colimits in the 
first tensor factor, we can further assume that the projective /cG-module P s is 
finitely generated. In this case, the dual DP S = Hom(P s , k) again is a (finitely 
generated) projective /cG-module, and there is a commutative diagram 

(P 8 <g> M) G ^^ (P s (g) Hom(P, M)) G 

1- _ I~ 

Rom(DP s ,M) G ^^ Hom(F®DP s ,M) G , 
with the vertical maps isomorphisms. The map 

eCS> id: PCS) DP S ^> DP S 
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is a quasi-isomorphism between bounded below complexes of projective kG- 
modules. Therefore, it is a chain homotopy equivalence, and hence, so is the 
lower horizontal map in the diagram above. The lemma follows. □ 

Remark 4.1.4. The triangle preceding Definition 4.1.1 and Lemma 4.1.2 
gives rise to natural isomorphisms 

and to a natural exact sequence 

-> H-\G, M) -?-> H {G, M) ^ H°(G, M) -U H°(G, M) -> 0. 

Hence, the definition of Tate cohomology given here agrees with the original 
one in terms of complete resolutions, [5, Chap. XII, §3]. This can also be seen 
more directly as follows. Let e: P — > k be a complete resolution in the sense of 
loc. cit., and let P and P~ be the complexes whose nonzero terms are P$ = Pi, 
if i > 0, and P~ = Pi, if i < 0, respectively. Then e: P — ► k is a resolution 
of k by finitely generated projective left /cG-modules and there is a canonical 
triangle 

P~ -> P->P->Y,P-. 

An argument similar to the proof of Lemma 4.1.2 shows that the canonical 
maps 

Hom(P, M) G -^{P® Hom(P, M)) G -^ (P ® Hom(P, M)) G 

are quasi-isomorphisms. 

Definition 4.1.5. The cup product 

H* (G, M) <g> F* (G, M')-> H* (G, M O M ') 
is the map on homology induced by the composite 

(P«)Hom(P,M)) G ' (g) (P^Hom(P,M')) G 

-> (POP(g)Hom(P«)P,M«)M / )) G 
-» (P®Hom(?,M8M')) G , 

where the first map is the canonical map, and the second map is induced from 
a choice of chain maps P — > P <8> P and P ® P ^> P compatible with the 
canonical isomorphisms /c — > /c <8> A; and fc ® A; — > A;, respectively. 

It is well-known that the chain map P — > P®P exists and is unique up to 
chain homotopy. The analogous statement for the map P®P — > P is proved in 
a similar manner. Hence, the cup product is well-defined. It makes H*(G,k) 
a graded commutative graded ring and H*(G,M) a graded module over this 
ring. 
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4.2. Let C be a cyclic group of order r and let g G C be a generator. 
We let e: W — ► fc be the standard resolution which in degree s > is a free 
/cC-module on a single generator x s with differential 

J Nx s -i, s even, 

| (y- l)x s _i, s odd, 

and with augmentation e(xo) = 1- Then W is the complex which in degree 
s > is a free /cC-module on the generator y s = (0, x s -i) and in degree s = 
is a trivial /cC-module on the generator yo = (1,0). The differential is 

{-(5-l)ys-i, seven, 
-Ny s _!, s > 1 odd, 

-yo s = 1. 

The dual of x s is the element x* G DW S = Hom(W s ,fe) given by x*(g l x s ) = 
Sifi. Note that g l ■ x* n = (g l x n )* and that the map (g l )*:DW s — ► LW S maps 
x* i— > <?~*x*. Thus 

^ r * = / (5 -1 - iK+i. * even > 
s \ 7Vx* +1 , s odd. 

Lemma 4.2.1. Suppose that the order of C is odd and congruent to zero 
in k. Then as a graded k- algebra 

H*(C,k) =A{a}0S{f ±1 } 

where t and u are the classes of yo <8> Nx\ and yo <S> Nx\ , respectively. Moreover, 
the classes 1, ut' 1 and t~ 1 are represented by the elements yo <8) Nxq, —Ny\ <8> 
iVxg and iVj/2 <8> -^Vxq, respectively. 

Proof. We first evaluate the homology of the complex 

(W <8> Hom(W, k)) c = {W® DW) C . 

This is the total complex of a double complex, and the filtration after the first 
tensor factor gives rise to a fourth quadrant homology type spectral sequence 
which converges strongly to the homology of the total complex, [1, Th. 6.1]. 
We have 

E\ jt = H s+t (W s ® DWf -^ H s+t (Rom(W, W s f), 

which vanishes if both s and t are nonzero. Hence E 2 st = E^° t and it is easy to 
see that if either s or t is zero, this is a free fc-module of rank one generated 
by the classes of yo ® Nx*_ t and Ny s <8) Nxq, respectively. We note that these 
elements are also cycles in the total complex. 

To evaluate the multiplicative structure, we choose liftings 

*: W -> W <g> W, 
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of the canonical maps k — ► k ® k and k ® k — > k, respectively: 



2_. 9 P x m ® g q x n , m and n odd 



V ' '"'" l// •''"'-" ' » y s x m ®y s+1 x n , modd,neven 



5 s i m ® 5 s x n , m even 

and 

J^ g s y m +n, rn and n odd 

-p. / p g s i p<s<q<p 

" ' ■•"■'' !h " ' /r// " j = ^ Sp^gPyn+n, m odd, n even 

$ P , q g p y m +n, rn even, 

where in the first line the sum ranges over the g s between g p and g q ~ l , both 
included, in the cyclic ordering of C specified by the generator g. The sum is 
zero if and only if p = q. The map ^ induces a product map on the dual DW 
given by the composite 

**: DW ® LW -^ £>(VF ® W) ^ DW, 



or 






p<s<g<p 

5 PA+ ig~ p x* m+n , m odd, n even 

^P qQ 7n-\-m ^^ GVGll. 



We find that 



{r(r — 1) 
wo ® Nx* , „, m and n odd 
2 yu m+n ' 
y ® ^x^ n+n otherwise 

and 

{r(r — 1) 
Ny m+n ® iV^n, m and n odd 
2 + ° 
Ny m+n ® iVxg otherwise. 

Moreover, the product 

(y ® A^ 2 ) • (iVy 2 ® iVa^) = iVy 2 ® Nx* 2 

is homologous to yo ® Nxq, which represents the multiplicative unit in the 
cohomology ring. Indeed, with A(iV) = J2o<s<n9 s ® g s 

d(A(N){ yi ® x* ) + A(A0(y 2 ® xj)) = -y ® iVa^ + iVy 2 ® Nx* 2 . 

Hence Ny% ® Nxq represents the class t~ l . Finally, for any element a £ kC, 

(l®a)A(iV) = (a®l)A(iV), 
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where a = c(a) is the antipode. Therefore, if a € kC is such that (g — l)a = 
r — N (for example a = 1 + 2g + • • • + rg r ~ x is such an element), then 

d({a®l)A{N){y 2 ®x* )) 

= -(((/- l)®l)(a®l)A(JV)(j/i®x5) 
-(1 ® (g - 1))(1 ® a)A(AT)(y 2 <g> s*) 
= A/yi iVxo + iVy 2 ® Nx* - rA(N)( yi ®x* + y 2 <g) x\), 

and hence, iVyi <g> A^Xg represents the class — ut _1 in the cohomology ring. □ 

Addendum 4.2.2. The boundary map 9:iJ _1 (C, k) — > H (C,k) takes 
ut^ 1 to the class of —1. 

Proof. The boundary map, by definition, is induced by the composite 

(W®Rom(W,k)f ^±* (ZW ®Rom(W,k)f ^^ {Y,W®kf 

The class ut~ l is represented by the element —Ny\ (g> Afxg whose image under 
9 <8> id is —Nxq <S> Nxq. This element is equal to (id<8>e*)(— A^xg <8> 1) and 
—Nxq <g> 1 = iV(— xg (8> 1). Finally (e <g> id)(— xo <8 1) is equal to the class 
of-1. D 

4.3. We recall that for spectra X and Y, there are natural maps 

f4 o n A:ir a X®ir t Y-nr a+t {XAY), 

[ ' ' ' V:Tv s+t F{X,Y)^Rom(n- s X,n t Y), 

where A is the external product and V is the adjoint of the composite 

n s+t F(X, Y) ® tt^X -^ n t (F(X, Y)AX)^ n t Y. 

Let X be a G-CW-spectrum with an increasing filtration {X s } by sub-G-CW- 
spectra. Then the exact couple 



As-i,m — ► As,* — > E s> t — ► D s ~i,t 



with 



D Stt (X) = TT s+t ((X s ) G ) 

E S}t (X) = TT s+t ((X s /X s ^) G ) 



( 4 - 3 - 2 ^ „ ,^__ ,< V IV sG 



gives rise to a spectral sequence which abuts the homotopy groups of X G . The 
spectral sequence converges conditionally in the sense of [1, Def. 5.10], provided 
that \JX S = X and holim< (X s ) is contractible. 
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If X and X' are two G-CW-spectra with such nitrations, we give the 
smash product X A X' the usual product filtration 

(XAX') n = |J X S AX' S ,. 
s+s'=n 

with filtration quotients 

(IAI')„/(IAI')„-1= V Xs/Xs-iAXj/X^. 

s+s'=n 

The external product (4.3.1) and the inclusions 

X S AX S , — ► (X A X ) s+s i, 
X s /X s ^ A X' sl /X' sl ^ -. (IA X') S+S ,/(X A X')«+«'-i 
then give rise to pairings 

D 8it (X) ® £V,f (*') ^ 2W,t+tf(* A X'), 
E 8it {X) ® £ S ^(X') - E s+s , tt+t ,(X A X'). 

These, in turn, give rise to an external pairing of the associated spectral se- 
quences, that is, pairings 

El t {X) ® El, >t ,(X') - El +s , tt+t ,(X A X'), 

for all r > 1, which satisfies the Leibnitz rule 

d r {xx) = d r xx + (— ly x 'xd r x'. 

Here \x\ is the total degree of x. A filtration-preserving product map X AX ^ 
X induces a map of the associated spectral sequences which, pre-composed by 
the external product, give an internal product on the spectral sequence E*(X). 
The differentials act as derivations for this product, and if the product on X 
is associative, commutative or unital, the same holds for the internal product 
in the spectral sequence. Commutativity in the spectral sequence is up to the 
usual sign. 

Let G be a finite group and let E be a free contractible G-CW-complex. 
Let E be the mapping cone of the projection pr: E + — ► S° which collapses E to 
the nonbase point of S°. The associated suspension-G-CW-spectra (we make 
no change in notation) form a distinguished triangle 

E+ J^ S° - E -^ ££+. 

Let P and P be the cellular complexes of E + and E with coefficients in a 
commutative ring k. We then have a distinguished triangle 

P ^ k -» P -> SP 

in the category of chain complexes. 
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The Tate spectrum of a G-spectrum T is defined by 

M(G, T) = (E A TF{E + ,T)) G , 

where TX — ► X is a functorial G-CW-substitute. If T and T' are two 
G-spectra, we define a pairing 

(4.3.3) W(G,T) AH(G,T') -► H(G, T A T') 

as follows. By elementary obstruction theory, there are cellular G-homotopy 
equivalences E + — > i? + A E + and E A E ^ E compatible with the canonical 
isomorphisms S° — > S" A S" and 5° A S" — > S" , respectively, and any two such 
equivalences are G-homotopic. The pairing then is given by 

(E A TF{E + ,T)) G A (E A TF(E + ,T)) G -> (E A E A TF(E + A E + , T A T')) G 
^{E ATF(E + ,T AT')) G , 

where the first map is the canonical map and the second is induced from the 
chosen G-equivalences. If T is a G-ring spectrum, the composition of the 
external product with the map of Tate spectra induced from the product map 
on T, makes H(G, T) a ring spectrum. This ring spectrum is associative, 
commutative or unital if the G-ring spectrum T is associative, commutative or 
unital, respectively. 

The CW-filtrations of E and E give rise to a double filtration of the Tate 
spectrum. In more detail, we define 

X r>a = E r ATF(E/E- 8 - U T), 

y r , s = E r /E r _ 1 AYF{E/E_ s _ l ,T), 
Z r ^ s = E r ATF(E-,/E- 8 - 1 ,T)), 
W ryS = Er/Er-! A rF(E_ s /E_ s _!,T)). 

To get an honest filtration by sub-G-CW-spectra, we let 

X r>s = h. o\im X r i tS ', 

where the homotopy colimit runs over all < r' < r and s' < s < 0. There 
is a canonical homotopy equivalence X r)S — ► X r>s and X r ^ s is a sub-G-CW- 
spectrum of the G-CW-spectrum X = X^^. We also let 



and define 



Y — 

1 r,s — 
^r,s — 
W r , 9 = 


■ -^-r,s/ ^-r— l,s 

■ -^-r,s/ ^r,s — 1 

■ -A-r,s/ -f*-r— 1,8 


U -X'r.s-l 


x n 


= [J X T:S 
r-\-s<n 


ex. 
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The exact couple (4.3.2) associated with the filtration {X n } gives rise to a 
conditionally convergent spectral sequence 

E*(G,T) = E*(X) => tt*(H(G,T)). 

Lemma 4.3.4. There is a canonical isomorphism of complexes 

El tt (G, T)^(P® Hom(P, vr t T)) G 

and hence E 2 s>t {G,T) =* H s (G,n t T). 

Proof. The inclusions X rs — > X r+S induce an isomorphism 

\/ Wr,s -^ X/X-1 
r+s=n 

such that the boundary map 

X n /X n -i — > SX„_i — > S(X n _i/X n _2) 
maps the summand Wr- S to the summands £W" r _i s and SW - ,- s _i by the maps 

& : w^ -» sy rjS _x -» eVl 
a" : w r , s -► sz r _ M -► SWV-i,., 

respectively. We identify 

7T r+s+t ((^ r , s ) G ) <* (P r ^Hom(P_ s ,7r t T)) G 
as follows: If X and V are two G-spectra, we have the canonical map 

tt*((x a y) G ) -► (tt»(x a y)) G . 

This is an isomorphism, for example, if X is a wedge of free G-cells. The desired 
isomorphism is the composition of the inverse of this map with X = E r /E r —\ 
and Y = TF(E_ s /E_ s _i,T) and the map of G-fixed sets induced by 

n r +,+t(Er/Er-i A rF(£7_ a /£7_ a _i,T)) 

♦£- ^ r {E r /E r _ 1 )®TT s+t VF{E_ s /E_ s _ 1 ,T) 

-^ TT r {E r /E r ^) ® 7 r s+t F(E_ s /E_ s _ 1 ,T) 

-^ HriEr/Er-!) ® Hom(7T_ s (£_ s /£_ s _i), 7T t T) 

3^1 H r (E r /E r ^) ® Hom(iJ_ s {E.,/E. a . x ),n t T). 

Here /i is the Hurewitz homomorphism. One readily shows that under this 
identification, 7r*(3') and ^^{d") correspond to the differentials in the algebraic 
double complex. □ 
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The pairing (4.3.3) induces a pairing X(T)AX(T') — > X(TAT'), and since 
the equivalences E+ — > E + A £"+ and E A E ^> E were chosen to be cellular, 
this pairing preserves the filtration by the sub-CW-spectra {X n }. Hence, we 
get an induced pairing of the associated spectral sequences. 

Proposition 4.3.5. Let T and T" be two G-spectra. Then the pairing of 
Tate spectra (4.3.3) induces a pairing of the associated spectral sequences. On 
E 2 -terms, this pairing corresponds to the pairing on Tate cohomology 

H*(G, ir*T) <g> H*(G, vr*T') -» H*(G, vr,(T A T')) 

under the isomorphism of Lemma 4.3.4. In particular, if T is an associative 
G-ring spectrum, then E 2 = H*(G,n*T) as a bi-graded ring. 

Proof. The equivalences E + —* E + A E + and E A E — > E induces chain 
maps P — > P®P and P®P^P which lift the canonical maps k — > k®k and 
k<S)k —> k, respectively. Now suppose T and T" are two G-spectra and consider 
the spectral sequences corresponding to the filtrations {(X(T) AX(T')) n } and 
{X(T A T') n }. An argument analogous to the proof of Lemma 4.3.4 identifies 
the i^-terms of the associated spectral sequences with the complexes 

(P ® Hom(P, vr^T) ®P® Hom(P, ir*T')) G 

and 

(P(g)Hom(P,7r,(TAT'))) G , 

respectively. We claim that under these identifications, the pairing 

X(T) A X(T') -» X(T A T') 

corresponds to the composition 

(P ® Hom(P, tt*T)) g ® (P ® Hom(P, vr,T')) G 

-» (P <8> P (8) Hom(P P, vr*T ® vr*T')) G -^(P® Hom(P, tt*(T T'))) G , 

where the first map is the canonical map of chain complexes (which involves 
sign changes) and the second map is induced from the maps P ^ P ® P and 
P ® P ^t P and from the exterior product (4.3.1). This is straightforward to 
check. Similarly, under the isomorphism of Lemma 4.3.4 and the analogous 
isomorphism above, the external pairing corresponds to the canonical map (no 
sign changes) 

(P®Hom(P,7r,T)) G <g> (P(g)Hom(P,7r,T')) G 

-»• (P ® Hom(P, tt*T) ®P® Hom(P, 7r*T')) G 

But this was our definition of the pairing in Tate cohomology; see (4.1.5). □ 
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Remark 4.3.6. We show that the spectral sequence E*(G,T) considered 
here is canonically isomorphic to the spectral sequence obtained from Green- 
lees' Z-graded 'filtration' of E, [11], [12]. This is the sequence of G-CW-spectra, 



E r - 



E r — ► E r 



+i 



where, for r > 0, E r is the suspension G-spectrum of the r-skeleton of E, and 
for r < 0, E r is the dual D(E- r ) = TF(E_ r ,S°). In particular, E = S° is 
the sphere G-spectrum. The maps P r _i — ► E r are induced from the canonical 
inclusions, and for r = 0, from the canonical map D(S°) ^+ S°. In the 
definition of the G-CW-spectra X rs and X n , we now may vary r over all 
integers. Let X' r s and X' n denote the G-CW-spectra so obtained. Then, for 
r > 0, the canonical inclusion X r)S —> X' r s is a homotopy equivalence. We 
have maps of nitrations 



{X n } 



nel 



{X' n } 



nei 



i X rfi) 



rez, 



and the filtration on the right is Greenlees' filtration. We show that both maps 
induce isomorphisms of the P 2 -terms of the associated spectral sequences. In 
order to identify the P^-terms, let e: P — > k be the complete resolution, where 



(ZP) s = H s (E s UCE s _ 1 ;k) 



with differential 



ff,(B,UCE ( _i) -^ ff,(££,-i) 



susp 



H s -i(E s 



H s -i(E s -i UC£ S _2) 



and with structure map 



e:P = #i 


(£7i U GP ) — 


•#i 


( EjBo ) ^^ 


The map of distinguished triangles 






i 
i 


3 -i+ fc 
3 — ► £P" 


^ 


P — ► 

1 

SP — ► 



Hq(Eq 



SP 



SP 



defines a quasi-isomorphism of the mapping cones of the two middle vertical 
maps. (See remark 4.1.4 for the definition of the lower triangle.) Now an 
argument similar to the proof of Lemma 4.3.4 identifies the maps of P 1 -terms 
induced from the above maps of nitrations with the canonical maps 



P <g> Hom(P, M)) u -f (EP ® Hom(P, M)) 



G 



(SP(g)Hom(A:,M)) tj . 



Finally, an argument similar to the proof of Lemma 4.1.2 shows that both 
maps are quasi-isomorphisms. 
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4.4. Again let C be a cyclic group of order r and let g be a generator. 
As our model for E, we choose the unit sphere 

E = S(C°°), 

where the generator g acts on C by multiplication by e 2m ' r . We give E the 
usual C-CW-structure with one free cell in each dimension. The skeletons are 

j S(C d ) n = 2d - 1 

n ~ \ S(C d ) * (C • 1) n = 2d, 

where in the latter case, we identify the join with its image under the canonical 
homeomorphism S(C n ) * S(C) = S(C n © C). The attaching maps 

a n :D n x C -> E n 
are defined in even dimensions by the composite 

B 2d x C -^ £>(C d ) xCA S(C d ) * (C • 1), 
where £(z, g s ) = (5 s • z, g s ) and -zr is the canonical projection. We define 

a 1 (x,g s )=g s -e^ +i y r 
and let a2d+i be the composite 
D 2d x D 1 x C -^ L>(C d ) x^xC ^ L>(C d ) x 5(C) ^U S(C d ) * 5(C). 

We give D(C ) the complex orientation and D 1 = _D(M) = [—1,1] the 
standard orientation from —1 to 1. We may then identify the cellular complex 
of E with the standard complex W by the isomorphism 

W-^+C*(E;k) 

which maps the generator x n € W n to the image of the fundamental class 
under the composite 

H n {D n ,S n ~ 1 ) -^ H n (D n x CS"" 1 xC)^ H n (E n ,E n ^). 

Here to : ^" — ► -D n x C maps z to (z, 1). 

The C-CW-structure on E induces one on E and the isomorphism above 
induces an isomorphism of chain complexes 

We identify E with S by the homeomorphism 

CS(C°°) + US° -^ DiC^/SiC 00 ) 

which maps t A z *— > tz. Note that under this homeomorphism, the orientation 
of the cells in E corresponds to the complex orientation of S . In particular, 



ON THE K-THEORY OF LOCAL FIELDS 71 

the composite 

H 2 (S € ) ^- H 2 (E 2 ) ^ H 2 {E2,E{) ^ W 2 

maps the fundamental class [S ] to the class Ny 2 . 

Let C C T be the subgroup of order r. We give T the C-CW-structure 
of 5(C) = E\. Then the multiplication is cellular, and hence, the cellular 
complex 

A = C7*(T;/c) 

is naturally a differential graded Hopf algebra with unit 1 = xo • The differential 
maps x\ to (g — 1) ■ xq, x\ is primitive, the coproduct on g is g <8) g, and the 
antipode is given by c{x\) = —x\. We note that x\ represents the fundamental 
class [T]. The C-action on E = S(C°°) naturally extends to a T-action, and 
the action map 

fi:Tx E ^ E 

is cellular. The induced action on E, 

/}: T + A E = T + A (7 pr — ► Cj +Apr — ► C P r = E, 

again is cellular. The induced left A- module structures on the cellular com- 
plexes W and W are given by 

{x s +\ s even f s even 

U s odd I — y s +i s odd. 

Let T be a T-spectrum and let X = X(T) be the filtered T-CW-spectrum, 
which gives rise to the spectral sequence E*(C,T). We give T/C the skeleton 
filtration such that Ac = C*(T/C;fc). Then the T-actions on E, E, and T 
induce a filtration-preserving map 

u;:T/C7 + A X c -> X c . 

An argument similar to the proof of Lemma 4.3.4 identifies the induced map 
of E^-terms of the associated spectral sequences with the map 

A c ® (W ® Hom(W, ir*T)f -> (W <8> Homflf, ^T)) c 

given by the composite 

Ac <8> (#®Hom(M/,7r*T)) c ' ^Ji A c (W Hom^T^T)) 

-» (A <g> VF Hom(W, tt*T)) c ^ (W <g> Rom(W, tt*T)) c . 

PROPOSITION 4.4.1. Let T be a T-spectrum. Then E*(C,T) is a spectral 
sequence of left Ac-modules. Moreover, if the class a € 7r*(H(C, T)) is repre- 
sented by the infinite cycle z G E\ t , and if x\- z € E], +1 1 is nonzero, then x\ • z 
is an infinite cycle and represents the class of da £ 7r*(H(C, T)). 
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Let A; be a perfect field of odd characteristic p and let T{k) be the topo- 
logical Hochschild spectrum of k. Then as a differential graded fc-algebra, 

7r*(T(fc),Z/p) = A{e} ® S{a} 

with the classes e € iri(T(k),Z/p) and a G 7T2(T(fc),Z/p) characterized by 
/3(e) = 1 and d(e) = <r. The Tate spectral sequence takes the form 

E 2 {C p ,M p AT(k)) = A{ Ul ,e} Sit* 1 ,*} =► 7r*(M(C p ,T(fc)),Z/p), 

where u± = u and £ are the generators of H*(C p ,k) from Lemma 4.2.1. The 
nonzero differentials are multiplicatively generated from d 2 (e) = to. 

Corollary 4.4.2. The image of the classes e and a under the map 
induced from 

f k :T{k)->W(C p ,T(k)) 

are represented by the infinite cycles ut^ 1 and t -1 , respectively. 

Proof. We recall from Section 1.1 that 1^ is defined as the composite 

T(k) A p* Cp (EATf^p* Cp (EAF(E + ,T)f*>. 

Both maps are T-equi variant, so T commutes with Connes' operator. It also 
commutes with the Bockstein operator. Hence, it suffices to show that ut~ l ®\ 
represents the unique class whose Bockstein is the multiplicative unit 1, and 
that t _1 <S> 1 represents the image under Connes' operator of this class. To this 
end, we recall from Lemma 4.2.1 that the classes 1, ut _1 and t _1 in H*(C p ,¥ p ) 
are represented by the elements y$ <S> Nxq, —Nyi <g) Nxq and Ny 2 <8> Nxq, 
respectively. We recall from Section 2.1 above that the Bockstein 

(3:H*(C P ,¥ P )^H* +1 (C P ,Z) 

is equal to the connecting homomorphism associated with the exact sequence 

-> (W®Rom(W,Z)fv -^ (W®Rom(W,Z)) Cp -^ (W^Hom(W,W p )) c ' -► 0. 

This takes —Nyi <g) Nxq to y <g> Nxq, and hence /?(-u£ _1 ) = 1. Next, 

xi ■ (— iVj/i ® Nx* ) = -N(xi • j/i) ® iVxo + iVyi ® 7V(xi ■ xjj) = Ny 2 ® ATx*, 

and so by Proposition 4.4.1, the image under Connes' operator of the class 
represented by ut" 1 (g> 1 is represented by t^ 1 ® 1. □ 

Finally, for a T-spectrum T, we will also consider the T-Tate spectrum 

H(T,T) = (EATF(E + ,T)) T , 

where again E = S(C°°). The filtration of E by the odd skeletons E 2( i-i, 
d > 1, and the associated filtration of E both are preserved by the T-action. 
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The induced nitration of the Tate spectrum gives a conditionally convergent 
spectral sequence 

E 2 (J,T) = S^ 1 } <g) 7r*(T) =» tt,(H(T,T)), 

with the generator £ in bi-degree (—2, 0). Let C C T be a subgroup. Then the 
canonical inclusion H(T, T) — > H(C, T) induces a map of spectral sequences 

E*(T,T) -> E*(C,T). 

If the order of C is odd and annihilates 7r*(T) then, on .E 2 -terms, this map is 
the canonical inclusion which maps t to the generator t of Lemma 4.2.1. This 
is the case, for instance, if T = M p A T(A\K) and C = C p n. 

Proposition 4.4.3. Let T be a T-spectrum and let C C T be a subgroup 
whose order r is odd and annihilates 7r*(T). Then the d 2 - differential in 

E 2 (C,T) = H*(C,Z/r)®ir*(T) =* 7r*(H(C,T)) 

is given by d 2 {^ <8> r) = ~/t <S> dr, where d is Connes' operator. 

Proof. It was proved in [16, Lemma 1.4.2] that in the T-Tate spectral 
sequence, the ^-differential is given by the formula of the statement. Moreover, 
every C-spectrum T is a module C-spectrum over the sphere C-spectrum S°. 
Hence, it suffices to show that the class u is a d 2 -cycle in the spectral sequence 
E*(C, S°). But vr^S" , Z/r) vanishes since r is odd. D 



5. The Tate spectral sequence for T(A\K) 

5.1. The Tate spectral sequence E* (C p -n , M p A T{A\K)) is a spectral se- 
quence of bi-graded fc-algebras in a canonical way, which we now explain. (We 
will abuse notation and write E*(C p n,T(A\K)) for this spectral sequence.) 
For every C p n-ring spectrum T, H(C p n,T) is a T c p n -algebra spectrum, and 
the Tate spectral sequence is one of bi-graded 7f*(T c 'p n )-algebras, 

E 2 {C p n,T) = H-*(C p n,F n *ir*(T)) =► 7f*(H(t>,T)), 

where F n : T v n —> T is the natural inclusion. Here F n *7t*T denotes the graded 
ring 7f*T = 7r*(r, Z/p) considered as a 7f*(T p n )-algebra via the ring homomor- 
phism induced by F n . In the case at hand, we consider this a spectral sequence 
of bi-graded /c-algebras via the ring homomorphism (3.1.3), 

Pn+i-.k^ W n+l (A) = no{T(A\Kfp n ). 

We recall that F n o p n+ i = p\ o (p n , where ip: k — > k is the Frobenius. The 
latter is an automorphism, by our assumption that k is perfect, and hence 

E 2 (C pn ,T(A\K)) = A{u n ,dlog7r K } ® SiiTK,*,^ 1 }/^), 
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where u n and t are the canonical generators from Lemma 4.2.1. The differential 
structure of this spectral sequence is evaluated in this section. We briefly 
outline the argument. 

The ^-differential in E*(C p n,T(A\K)) is given by Proposition 4.4.3 in 
terms of Connes' operator (2.1.2) on tt*T(A\K). Hence, by Theorem 2.4.1, 

d ttk = tdlogirK ■ kk, d k = tdlog(-p) ■ k, 

and we can use the equation — p = tt^Ok^k) -1 to express dlog(-p) as a 
polynomial in itk times dlognx- In Section 5.2, we replace k by a new gen- 
erator a Ki defined as a certain linear combination of the elements tt^k with 
< % < ex, which satisfies that dax = exdlogirx • Q-k- In particular, olk is a 
d 2 -cycle, Up divides ex- We also replace t by a new generator tk defined in a 
similar manner. 

The key results that make it possible to completely evaluate the spectral 
sequence are consequences of the map 

t AlK :T(A\Kfp^ ^M(C p n,T(A\K)), 

and of the unit map of the ring spectrum on the right, 

£:S° ^U(C p n,T(A\K)). 

We show in Section 5.3 that for n < v p (ex), ft^ an d —tkO-k are infinite cycles 
which represent the classes ^ a\k{^k_ ) an d ^aikJ^k^ "), respectively. We 
also show that —tkg? k is always an infinite cycle which represents the image 
by the unit map of the canonical generator v\ G 7T2p-2(S°) ■ Given these infinite 
cycles together with the value of the differentials on the p-powers of ttk, which 
we examine by a universal example in Section 5.5, one can evaluate the spectral 
sequence, if n < Vpiex)- The final part of the argument consists of a somewhat 
complicated induction argument, which we present at the end of Section 5.5. 
The key for this part is naturality, going back and forth between T(A\K ) and 
T(B\L) for suitable ramified extensions L/K. 

The handling of the spectral sequences is algebraically somewhat com- 
plex. To ease the presentation we first consider in Section 5.4 the case of 
E*(C P ,T(A\K)). This section also contains the proof that the map r^i^ in- 
duces an isomorphism of homotopy groups with Z/p-coefficients in nonnegative 
degrees. 

5.2. Let L be a finite and totally ramified extension of K, and let B be 
the integral closure of A in L. Then B is a complete discrete valuation ring 
with quotient field L and residue field k. Let tvk an d ttl be uniformizers of A 
and B, respectively. The minimal polynomial of ttl over K has the form 

4l/k(x) = x eL,K + kkO l /k(x), 
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where L i K (x) is a polynomial over A of degree < e L / K and Ol/k(®) £ ^ x - 
Moreover, the canonical map 

A[7r L ]/(cf> L/K (7r L ))^B 

is an isomorphism. When K = Kq is the quotient field of W(k), we will always 
use wk = V an d write 0z,(x) instead of Ol/k ( x )- 

Lemma 5.2.1. Suppose that /j, p C K. Then a choice of a generator ( € \x v 
and a uniformizer it k € A determines a polynomial uk{x) £ W(/c)[x] of degree 
< ex such that uk(ttk) p1 = ^k(^k)- Moreover, in wL M i, 

dlQgC = ~^ /{:p - l) U K (TT K )- l d\0g{-p). 

Proof. Consider the power series f{x) = px + x p and g{x) = (1 + x) p — 1 
and recall from [39, §3, Prop. 3] that there exists a unique power series (p{x) 
such that f{ip{x)) = ip{g(x)) and ip(x) = x modulo (x 2 ). Hence, if ( € [i v is a 
generator then (p(( — 1) is a {p — l)st root of —p. We define uk{x) to be the 
unique polynomial of degree < ex such that 

To prove the second statement, we first note that 
MC-1) = ¥>(C-l)dlog¥>(C-l) 

- -^/(P-I) ux(7rif) -I. dl0g( _ p)) 

where the last equality uses that dlog(-p) is p-torsion. Hence, it suffices to 
show that dcp(( — 1) = dlog<^. We may assume that K = Q p (p p ), where as 
a uniformizer, we take ttk = C ~ 1- Then u>J A M -, is annihilated by 7r^~ , and 
since d(p(( — 1) = (p'(( — l)£dlog£, it remains to show that ip'(x) = (1 + x)^ 1 
modulo (x p ~~ 1 ), or equivalently, that ip(x) = log(l + x) modulo (x p ). But this 
follows from the uniqueness of (p(x) and from the calculation in 7L v \x\j(xP\. 

log(l+#(x)) = log((l + x) p ) =p\og{l + x) = /(log(l + x)). D 

Addendum 5.2.2. Let L/K be a finite and totally ramified extension. 
Then the inclusion of valuation rings, i: A — ► B, maps 

1{UK{KK)) = {-e L /K^L))- eK/ijp - l) U L {TT L ). 

Proof. We can write the i((p(C — 1)) = 9?(C ~~ 1) as 

( BK/(p—i) t \ — 1\ ei,/(p— 1) / \— 1 
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Since l(tvk) = Ql/k{'^l)~ 1 ^l ■> ^ ne left-hand side also is equal to 

{-e L i K ^LY x ^ IK T Kl{v ~ x \(u K (* K T v ). 

The formula follows since &LIK e K = &L and since itl is a nonzero divisor. □ 

Suppose that fi p C K. We choose a generator ( £ fi p and a uniformizer 
7i"x € A and let uk{x) be the polynomial from Lemma 5.2.1. Let n £ ^^(^I^Q 
be the unique class with /3(k) = dlog(-p) and define a^ = uk(ttk) 1k - 

Proposition 5.2.3. As a differential graded k-algebra 

tt*T(A\K) = A{dlog it K } ® S{a K , ir K }/(ir e K K ) 

with dux = KKdlogiTK and dax = eKCtRdlogirx- 

Proof. It follows from Theorem 2.4.1 and Lemma 2.2.3 that as a differen- 
tial graded /c-algebra 

TT*T(A\K) = A{dl0gTT K } S{K,7T K }/(7T e £) 

with the differential given by dirx = ^Rdlognx and dn = ndlog(-p). More- 
over, differentiating the equation — p = ir'jf 9k{^k)~ 1 , we find 

dlog(-p) = (e K d\ogTr K - d\og6 K (ir K )). 

Finally, 6k{kk) = uk{^k) p1 , and hence 

d(a K ) = -u K {^KY l d\ogu K {^K) ■ k + uk^kY 1 ■ ndlog(-p) 

= -a K d\ogu K {^K) + a K (e K dlogir K - (p - l)d\ogu K {^K)) 
= e K a K dlogir K 

as stated. D 

We recall the Bott element. Since p is odd, the Bockstein is an isomor- 
phism, 

7T 2 (^ 0O B f I p+ ) -^ p 7T 1 (^ 00 B^ p+ ) ^ /Xp, 

and by definition, the Bott element b = b^ is the class on the left which 
corresponds to the chosen generator £ on the right. The spectrum T,°°Bij, p+ is 
a ring spectrum and the (p— l)st power b p ~ 1 , which is independent of the choice 
of generator, is the image by the unit map of a generator v\ in vf2p-2(5' )- If 
fi p C K, we have the maps of ring spectra 

^°°B f i p+ ^ K{K) -^ T(A\Kfp n -\ 

and let b n = b n ^ be the image of the Bott element in 7t2{T(A\K) "V" -1 ). We 
note that (i(b n ) = d\og n £ and that since tt2(T(A\K) p"^ 1 ) is uniquely divisible, 
this equation characterizes b n . In particular, the calculation 

0(h) = dlogC = -^ ,{p ^ ] u K {K K )- l d\og(-p) = ft-T^^W) 
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shows that 

(5.2.4) b, = -vr^/^W. 

The elements b n for n > 1, however, are not well understood. 

Let L/K be a finite and totally ramified extension, and let v. A — > B be 
the inclusion of valuation rings. Then the map 



(5.2.5) 


t'jfe 


:a*T(A\K)^7t*T(B\L) 


is given by 








i*(ttk) 


= -Qlik^lY x ^ ik , 




l*(dlogTT K ) 


= e L/K d log ir K -d log 6 L/K (vr L ) , 




u(o<k) 


= (-e L/K (7T L ))^/(p^a L . 



The first two equalities follow immediately from the definition of O l / k (ttl), 
and the last equality follows from Addendum 5.2.2. 

Let f(x) G k[x] and let n be an integer. We write f( n \x) for the image 
of f{x) under the automorphism <p n [x]: k[x] — > k[x], which applies <p n to the 
coefficients of a polynomial. If R is a /c-algebra and if it £ R then, as usual, 
f(ir) denotes the image of f{x) by the unique /c-algebra homomorphism k[x] — > 
R which takes x to it. We note that f^~ n \ir) € y} n *i? and /(7r) <E i? is the 
same element. 

Suppose either fj, p C K or K = K$. In the former case, let itk be a 
uniformizer, let ( 6 jtij, be a generator and let uk(x) be the polynomial from 
Lemma 5.2.1. In the latter case, let uk {x) = 1. Then as a bi-graded fc-algebra, 

(5.2.6) E\C pn ,T(A\K)) = A{u n ,d log it K } ® S{ir K , a K , t^}/(tt^), 

with the new generators given by 

(— n )/ \— i ( — n )/ w j. 

a K = v> K '[ttk) k, t k = u k k '{ir K yt. 

We note the relations tkO-k = "k ™ {^k^k and tkoP k = tn p . 

It will be important to know how these new generators behave under 
extensions. For integers a, r, d with < r < ex and d > 0, we define 

{a, r, d} K = (pa - d)e K /(p - 1) + r. 

If Up C K then p — 1 divides ex such that {a, r, <i}x is an integer. Let L/K 
be a finite and totally ramified extension, and let l: A ^ B be the inclusion of 
valuation rings. Then {a,e L / K r,d}L = ei/x{a,r,d}K and 

(5.2.7) i*:E 2 {C p n,T{A\K)) -» E 2 (C p n,T(B\L)), 
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is given by 



T L^L a L> 



Ol/k'(*l)*l 

i*(dlogTr K ) = (e L/K '-{—; )d\ogn L . 

9 l/kM 

5.3. In this section, we produce a number of infinite cycles in the spec- 
tral sequence E*(C p n 1 T(A\K)). This uses the maps of differential graded k- 
algebras 

ir*T(A\K) *^- 7f„T(A) -^ tv*T(A/ p ), 

where the right-hand map is induced from the reduction. We evaluate these 
maps assuming that Vp^ejc) > 0. The left map may be identified with the map 
of graded /c-algebras 

j*: A{dir K } <g> S{k, n K }/(TT e £) -» A{d\ogir K } ® S{n, ir K }/(ir e £), 

which takes ttk to ttk, dux to WKdlogitK and re to k. (See the discussion 
preceding Theorem 2.4.1.) The group Ti2T(A) is uniquely divisible so the 
Bockstein induces an isomorphism (3: tt2T(A) — ► p niT(A) and the class k 
corresponds to the generator 

dlOg(-p) = -((e K / P )TT e K K ' 1 +e , K (TT K ))e K (7T K )- 1 d7T K 

on the right. The differential graded fc-algebra Tr*T(A/p) is evaluated in Propo- 
sition A. 1.4 of the appendix. We refer to loc. cit. for the notation. 

Proposition 5.3.1. Ifv p (e K ) > the map p*:7t*T(A) — > n*T(A/p) may 
be identified with the inclusion of differential graded k- algebras 

p*: A{dTt K } ® S{tt k , k}/{^) ^ A{d7t K ,e} ® S{a, vf^}/(vf^) <8> T{c 2 } 

which takes itk to ttk and k to the class 

a - K (Tt K y 1 c 2 - e ■ ({e K /p)^ e K^ 1 + ^(^))^(^) _1 ^x- 

Proof. Only the formula for p*(R) requires proof. Consider the diagram 
T(A) ^-^ T{A) — ^ M p AT{A) —^ Y,T(A) 



T(p) 



T(p) |m p AT( p ) jsT(p) 



T(A/p) -^ T(A/p) r J ~^ M p AT(A/p) ~ JL ^ ZT(A/p), 

r s 

with horizontal triangles, the lower triangle split by the maps r and s of Sec- 
tion 2.1 above. It shows that 

p„(«) = e ■ ((£T(p))* o /?,)(£) + (u o r* o (M p A T(p))*)(k). 



m(T(A)) ^ 


«i 


|t W . 


p* 


7Ti(T(A/p)) ^ 


- ^/p 
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The value of the first summand is easily determined from the diagram 

n 2 (M p AT(A)) -^ 7T 2 (^T(A)) ^~ 

|(M p AT(p))» |(ST(p))» 

7T 2 (M p AT(A/p)) -A- TT 2 (XT(A/ P )) ^- 

and the formula for the Bockstein of k above: 

((£T(p))* o &)(«) = -((ejr/p)^- 1 + 0x(^))M^) _1 <fe 

It remains to show that 

(r* o (M p A T(p)),)(«) = a - 9k{kkY 1 c 2 . 

We first show that the linearization l*:ir*T(A/p) —> ir^HH^A/p) takes this 
class to — Qk{kk)~ 1 c 2 . The following diagram 



ir*(M p AT{A)) -Z 


^ tt,(M p AT(A/p)) -I 


% 7T*T(A/p) 


{'■ 


I'- 


!<• 


ir*(M p AHH(A)) - 


^ vr,(M p AHH(^/p)) - 


% 7r*HH(A/p) 



commutes and the composite of the lower horizontal maps is an isomorphism. 
Let c\,c 2 € n*(M p A HH(A)) be the classes which correspond to c\,c 2 G 
7r*HH(A/p) under this isomorphism. We claim that c 2 = —8k(^k)k. The 
diagram 

tt 2 (M p AT(A)) ^U p ttiT(A) 

7r 2 (M p AHH(,4)) -^ p vriHH(A), 

where all maps are isomorphisms, shows that to prove this, it will suffice to 
show that the lower Bockstein takes c 2 to ({e/p)ny?~ + 0' K (TTK))dTrK- This 
Bockstein, in turn, may be identified with the connecting homomorphism in 
the diagram 

— ► A -co -^ A -co -£+ A/p-co — ► 



A- 


C2 


V 


A- 


C'2 


P 


A/p • c 2 


A- 


C2 


p 


A- 


(■■2 


P 


A/p ■ c 2 



— > A-c 2 -^ A-c 2 -^ A/p-c 2 — ► 

and the claim follows; compare Section A.l below. We consider again the 
diagram from the beginning of the proof. This may be further refined to a 
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diagram of horizontal triangles 



T(A;A) 


-£+ T(A; A) - 


'-+ M p A T(A; A) 


p 


Y>T{A;A) 


[t(A; P ) 


[t(A; P ) 


\m p AT(A; P ) 




|st(A; P ) 


T(A;A/p) 


-^ T(A;A/p) «z 
i 


=> M p AT(A;A/p) 


/3, 
s 


Y,T{A-A/p) 


[t(p;A/p) 


T(p;A/p) 


M p AT(p;A/p) 




T.T{p;A/p) 


\A/p-A/p) 


p -^T(A/p;A/p) <z 
i 


z* M p AT(A/p;A/p) 


(1 , 
r 


ZT(A/p;A/p), 



where for an A-A-bimodule M, T(A; M) is the topological Hochschild spectrum 
of A with coefficients in M. It shows that 

(r* o (M p A T(p))*)(«) = (T(p; A/p), o r* o (M p A T(A; /£>))*)(«). 

The map T(p; A/p)* is equal to the edge homomorphism of the spectral se- 
quence 

E\ t = 7r s T(A/p, Tovf (A/p, A/p)) => vr s+t T(A; A/p) 

considered in [27]. Hence, loc.cit., Proposition 4.3, shows that there is a unique 
class in the image of 

T(p; A/p),: vr 2 T(A; A/p) -> vr 2 T(A/p A/p) = vr 2 T(A/p) 

whose image under /*: 7T2T(A/p) — ► 7T2 HH(A/p) is —0k{j^k) 1 C2 and that this 
class has the form A • a — 9k{t^k)~ 1 C2, where A € (Z/p) x is a unit. Finally, the 
following lemma shows that A = 1 (or equivalently, that the class a of loc.cit. 
agrees with our class a). □ 

Lemma 5.3.2. The reduction z*:7f*T(A) — > 7f*T(fe) maps k to <r. 

Proof. We proved in Addendum 3.3.9 that in the diagram 



^ 2 T(A|K) ^ 


7f 2 T(A) -^ 


^ 7f 2 r(fc) 


J9a|x 


K 


I 9 * 


7fiH.(Cp,T(A|iiO) ^ 


7fiH.(C p , T(A)) - 


% ^H.(C p ,T(fc)) 



the left-hand vertical map takes k to dV(l) — V(dlog(— p)). It follows that 
the middle vertical map takes h to aV(l) — V{d\og{— p)) + aV{v: e ^~ dnx) for 
some a E A. Since Q\ vanishes, we conclude that the right-hand vertical map 
takes i*(«) to dV(l), and since 7f 2 T(A;) is a one-dimensional fe-vector space, it 
thus suffices to show also that d)~(o~) = dV(l). To this end, we consider the 



diagram 








Tt 2 T(k) 


d 


TfiT(fc) 






<~k 


(-1) 


\ d * 


7fiH.(( 


J p ,T(k)) 


d 

< 


Tt U.(C pi T(k)) 
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-!— 7fiH(C p ,T(fc)) 

= 7f H.(C p ,T(fc)), 

where the left-hand square anti-commutes by our conventions from Section 2.1 
above. The class a, by definition, is the image of e under the top differential, 
and the bottom differential takes V(l) to dV(l). Hence, it suffices to show 
that <9fc(e) = — V(l). We recall from corollary 4.4.2 that the class r(e) is 
represented in the spectral sequence E*(C p ,T(k)) by the infinite cycle «i£ _1 . 
Hence, Addendum 4.2.2 shows that the image of this class by the right-hand 
vertical map is — V(l). □ 

Remark 5.3.3. It follows from Propositions 5.3.1 and A. 1.4 that in tt*T(A), 
dk = —O'x^^Ok^k) - diTK ■ K- 
This implies that dn = nd\og{—p) in w*T(A\K) as stated in Theorem 2.4.1. 
We construct a number of infinite cycles. Recall the map of ring spectra 

f A{K :T(A\Kf^ ^M(C pn ,T(A\K)). 

Proposition 5.3.4. For all K, the element d\ogTt K G E 2 (C p n,T(A\K)) 
is an infinite cycle and represents the homotopy class T A ix(dlog n TTx)- 

Proof. We consider the diagram 

T(A\Kfp n — 5-» TiAlKfp"- 1 



W(C p n,T(A\K)) — ^U W(C p n,T(A\K)). 

In the spectral sequence 

E\C p n,T(A\K)) = A{u n ,dlogTr K }®S{7r K ,t,K}/(ir e K K ) 
=> n*(M'{Cp»,T{A\K))), 

the element d log ttk is an infinite cycle and represents T^ K (dlog n+1 iTK)- In- 
deed, if we compose Ta|x and the edge-homomorphism of this spectral se- 
quence, we get the map F n : tv*T(A\K) p n — > iv*T(A\K) which takes dlog n+1 itk 
to dlogiTx- The map R h induces the obvious inclusion on .E 2 -terms. Hence, 
the element dlognx of E*(C p ™,T(A\K)) is an infinite cycle and, since it is 
not a boundary, represents R h (T^ K (dlog n+1 ttk)) = ^ A\K{R{d\og n+1 ttr)) = 
t A \ K (dlog n ir K ). D 



\C„„_1N T A/ V 
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Let ua = Uj^ 11 (^k)~ 1 ^ an d r A = u k U \ n K) p t such that j*(q;a) = a K 
and j'*(ta) =t K - 

Lemma 5.3.5. Suppose that [i p C K and let n < v p {eK)- Then the 
elements t^ k and —tag: a of E 2 (C p n,T(A)) are infinite cycles and represent 
the homotopy classes Va(^k ) and TA{^K eK ' p "), respectively. 

Proof. We consider the diagram 

Tt^TiAf^- 1 ) -^ 7f,(M(C p »,T(A))) 

Tt^TiA/p)^- 1 ) -^ 7f,(M(C p n,T(A))), 

with the vertical maps induced from the reduction p: A — ► A/p. The lower 
horizontal map is studied in the appendix. By Addendum A. 1.6, 

E\C pn ,T(A/p)) = A{u n ,dTr K ,e} ® Sit^^K^}/^) ®T{c 2 }, 
E 3 (C pn ,T(A/p)) = A{u n ,d7T K } ® Si^ 1 ,^}/^) ® T{c 2 }, 

and E 3 (C p n,T(A/p)) = E°°(C p n,T(A/p)). We compare this to 
E\C pn ,T(A)) = A{u n ,d7T K } S{Tf, aA ,TT K }/(TT e K K ), 
EP(C p n,T(A))=A{u n ,ifc 1 dn K }®S{T%\aA,* p K }/(n e I ?). 

The map p*:f*T(A) — ► n^T^A/p) was evaluated above. The induced map 

is the monomorphism which takes tag a to —tea. Indeed, the map of i? 2 -terms 
takes the element tacia to — tc 2 + Qui^K^o — te ■ 0' K (irK)dirK, and the last 
two summands are equal to the image by the ^-differential of e ■ 9k{^k)- For 
< s < 1, we have the diagram 

&_,JC p n,T(A)) -> £ 3 S (C pn ,T(A/p)) 



E? 8 , a (C p n,T(A)) -> ^ i8 (C p »,T(A/p)) 

and we conclude that the lower horizontal map is a monomorphism. We show 
in Proposition A. 1.7 that the classes ^A/pJEK ) an< ^ ^/p(lL^n K ) are re P re_ 
sented in the spectral sequence E*(C p n,T(A/p)) by the infinite cycles 7r^- and 
ic2, respectively. It follows immediately that Fa{^k ) is represented by t: v k 
as stated. To conclude that TA(^K eK ' p ") is represented by — ta&a we must 
rule out that an element of Ez_ s s (C p n,T(A)) with < s < 1 represent this 
class. But this follows from the injectivity of the lower horizontal map in the 
diagram above. □ 
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Proposition 5.3.6. Suppose that \x p C K and let n < v p {ex)- Then the 
elements n K and —tkosk of E 2 (C p n,T(A\K)) are infinite cycles and represent 
the homotopy classes Ta\k(t[k_ ) an< ^ MK^HM^ )> respectively. 

Proof. The map j*: E 2 (C p n,T(A)) -► E 2 (C p n, T(A\K)) takes the infinite 
cycle ir p K (resp. -7,40,4) to the element tt k (resp. — tkolk) which therefore is 
an infinite cycle. It follows n K (resp. —tkosk) either represents Ta\k(jjJ£ ) 
(resp. '^A\K( 7r K eK ")) or else it is a boundary. The element Tt p K cannot be a 
boundary, but we must check that —tkolk is not a <i 3 -boundary. To this end 
we consider the diagram 

El (C p n,T(A\K)) -^ Ei 2>2 (C p n,T(A\K)) 

3* 
El Q (C p n,T(A)) -^ ^ 2i2 (C7 p n,T(A)) 

with vertical isomorphisms. The right-hand vertical map takes — t^cka to 
—trC(k, and since — taola is not a d 3 -boundary, neither is —tkcik- D 

Let £:S° -> M(C p n,T(A\K)) be the unit map and let vi G 7f 2 ( P -i)(5' ) be 
the canonical generator. If \x p C -ftT, then £*(v±) = T A\K{°n) pl ■ 

Addendum 5.3.7. The elements -tn p and (-tn) pn of E 2 (C p n,T(A\K)) 
are infinite cycles which, if not boundaries, represent the homotopy classes 
£*(vi) and V(l), respectively. 

Proof. The elements —tn p and {—tn) p are in the image of 

L*:E 2 (C pn ,T(W(k)\K )) -> E 2 (C pn ,T{A\K)) 

and so the statement, if valid for some K, is valid for all K. Now, suppose that 
\x p C K and that v p {ex) > n. We may argue as in the proof of Proposition 5.3.4 
that TA\K{b n ) is represented by the infinite cycle —tt^ oik- Indeed, b n = 

R(b n +i) an d .F n (6 n +i) = b\ and from (5.2.4) we know that b\ = — it^ oik- 

Now 

-vr^^V = -(n p ;y«/ pn ^a K , 

and it follows from Proposition 5.3.6 that tt^ is an infinite cycle and 

represents T ai/t^k 6 p )• Hence, also oik is an infinite cycle, and since 
it is not a boundary, represents a homotopy class, say, olk- Since the classes 
^A\K(b n ) and —TA\K(?[K? K )6 i K are represented in the spectral sequence 
by the same element so are their (p — l)st powers. We know from Proposi- 
tion 5.3.6 that 



84 LARS HESSELHOLT AND IB MADSEN 

is represented by —tk^k- And a^7 , if not a boundary, represents c?^ . It 
follows that —tkoOjci ^ no * a boundary, represents I a|k(^ _1 ) = &*(v\). 
We recall from Lemmas 3.1.1 and 3.1.2 that in the Witt ring W n (A), 

V(l)=9 K (7TK n )- 1 7TK^, 

and hence, in n*M.(C p n,T(A\K)), 

v(i) = v(t A \ K (i)) = t A \k(v(i)) = f A \ K (0 K (m n y 1 m!n K ) 
= t m {e K { 11 K n ))- l -t m { m ^^y n . 

It follows that the infinite cycle 

9K(* P K)- 1 (-T K <XK) pn = {-0 { K n) ^K)- l TKa K ) pn = (-*«)'", 

if not a boundary, represents V(l) as stated. D 

5.4. In this section we evaluate the spectral sequence E*(C P ,T(A\K)). 

Lemma 5.4.1. Let k be a field of characteristic p > 0, let f(x) be a power 
series over k with nonzero constant term, and let 

f'(x)x 2 

., N = a\x + a 2 x + . . . 
f(x) 

be the logarithmic derivative. Then a p i = a P , for all i > 1. 

Proof. We may assume that f{x) is a polynomial with /(0) £ k x . More- 
over, replacing A; by a splitting field for f(x), we can assume that f{x) splits as 
a product of linear factors. And since the logarithmic derivative takes products 
of power series to sums, we are reduced to the case of a linear polyonomial. 
The result in this case is readily verified by computation. □ 

Proposition 5.4.2. Suppose either fi p C K or K = K . Then, up to 
a unit, the nonzero differentials in the spectral sequence E 2 (C P ,T(A\K)) are 
generated from 

d 2 {rK^K a K) = T K dlog7r K ■T^7r r K a d K , ifv p {a,r,d} K = 0, 
d 2p+1 ( Ul ) = (tkczkTtk 

and from the fact that dlognx is an infinite cycle. 

Proof. The ^-differential follows from Proposition 4.4.3. If K = Kq, we 



have 



E 3 (C p ,T(W(k)\K )) = A{m,dlog(-p)} <g> 5{t ±1 ,«P}, 



and for degree reasons, the first possible differential is d 2p+l . The canonical 
map 

E 2p+1 (T,T(W(k)\K )) - E 2p+1 (C p ,T(W(k)\K )) 
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may be identified with the inclusion of the subalgebra generated by t, k p , and 
dlog(-p). The d 2p+l -differential on these elements in the left-hand spectral 
sequence are zero for degree reasons. Hence, the <i 2p+1 -differential on these 
classes in the right-hand spectral sequence are zero as well. We claim that, up 
to a unit, 

d 2p+1 Ul = t P+1 K P . 

For if not, tn p would survive the spectral sequence and represent the ho- 
motopy class —v\ ■ 1. But M(C p ,T(W\Ko)) is a module spectrum over the 
generalized Eilenberg-MacLane spectrum T(W), and therefore, is itself a 
generalized Eilenberg-MacLane spectrum. Hence, multiplication by v\ on 
it t> M.(Cp,T(W\Ko)) is identically zero. All further differentials must vanish 
for degree reasons. 

If Up C K and v p (eK) > 1, 

E 3 (C P ,T(A\K)) = A{ Ul ,dlog7r K } (g) S{Tr p K ,a K ,T^}/(7r e K K ), 

and by Proposition 5.3.6, tt p k and tkolk are infinite cycles. From the previous 
case, we know that t is an infinite cycle, and hence, so is tk = uk(^k)^- ^ 
follows that ax also is an infinite cycle. Hence, the remaining nonzero differ- 
entials are generated from the differential on u± . Again all further differentials 
vanish for degree reasons. 

Finally suppose that n p C K, but with no restriction on Vpiex)- Then 

E 3 (C P ,T(A\K)) = A{ Ul ,d\og7T K } ® k{T%ir r K a d K \ v p {a,r,d} K > 1}, 

and we need to show that the elements T^ir^aj^ with v p {a, r, d}x > 1 are 
d 9 -cycles, for 3 < q < 2p + 1. To this end, we let L/K be a totally ramified 
extension such that fp(e^) > 1 and consider 

t„: E«(C p , T(A\K)) -> E«(C P , T(B\L)). 

We have from (5.2.7) and Lemma 5.4.1 that 



<lA - (f) r ,„(Tr P \\-{ a > r > d }K/p~aJ i L/Kr d 



o 



L-: 



mi ^ i e L/K«X ^ n 
^(dlogvrx) = (e L/K ^ rjr- )dlogir L , 

where in the first line, v p {a, r, d}x > 1- We know from the previous case that 
the ^-differential on i*{T^TT r K a d K ) vanishes, and hence, it will suffice to show 
that we can find L/K for which the map t* is injective. 

If Vpie^/x) > 1 and L / K (x) = x — 1 then, up to a unit, 

L*(u\TKir r K a d K d\ogiTK) = uItItt l l/k ' a r L dlogTr L , 

and hence, for t* to be injective, we need that eij^r+p < ei- Since r < ex — 1 
and ei = ^l/k^k-, this is equivalent to the requirement that e^iK > P- We also 
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need Vp(ei) > 1. The extension L with e L / K = p 2 and Ol/k( x ) = x — 1 satisfies 
both requirements. It follows that the ^-differentials vanish, if 3 < q < 2p, 
and that the nonzero d 2p+1 -differentials are generated from the differential on 
u\. All further differentials vanish for degree reasons. D 

Theorem 5.4.3. For all K, and for i > 0, the map 

f A \ K :^T(A\K) ^ m(C p ,T(A\K)) 

is an isomorphism. 

Proof. If we let L = K(p p ), then in the diagram 

tt,T(A\K) -^U n*W(C p ,T(A\K)) 

I- I- 

tt*T{B\L) g l/k 13^ nMC p ,T{B\L)fL/K , 

the vertical maps are isomorphisms. Indeed, this follows from Theorem 2.4.3 
and from the Tate spectral sequence, since the order of G^ir is prime to p. 
Hence, we can assume that [i p C K. 

If Up C K and Vp(ex) > 1 or if K = Kq, then 

E°°(C p , T{A\K)) = A{dlog7T^} ® S{tt p k , a K , r* 1 }/^, <), 

and by Proposition 5.3.6, there is a multiplicative extension {^ v K ) e ' p = —tkolk 
in the passage to the actual homotopy groups. Hence, as a fc-algebra 

^H(C' p ,r(A|K))=A{f A | i ,(dlog7r x )}®5{f A | X (7r^),f| 1 }/(f A | X (7r x )^), 

where the class tk is a lifting of tk- It follows that tt*T(A\K) and the nonneg- 
atively graded part of Jt*M.{C p ,T(A\K)) are abstractly isomorphic fc-algebras, 
and that the map Ta\k 1S an isomorphism for i = and i = 1. To show that 
Tm k is an isomorphism, for i > 0, it will therefore suffice to show that 

fw(k)\K ^2T(W\K ) -^ 7t 2 M(C p ,T(W\K )) 
is an isomorphism. To this end, we consider the diagram 

tt 2 T(W\K ) _£- 7tiT(W\K ) 



^W(k)\K 



r \V(k)\K 



Tt 2 U(C p ,T(W\K )) -^L- n{k(C p ,T(W\K )), 

where the upper horizontal map and right-hand vertical maps are isomor- 
phisms. Since all groups in the diagram are one-dimensional /c-vector spaces, 
the left-hand vertical map and lower horizontal map must also be isomor- 
phisms. This shows that the map of the statement is an isomorphism if \x p C K 
and Vp{ex) > 1 or if K = Kq. 
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If \x p C K, but there are no restrictions on v p (eK), 

E°°(C p ,T(A\K)) = A{dlog7r K } ® k{T^7r r K a d K \v p {a,r,d} K >l,d< p}, 

where < r < ex, d G No and a € Z. Again, the domain and range of r^i^ are 
abstractly isomorphic fc-vector spaces. We choose an extension L/K such that 
v p( e L) > 1 and such that i: Tr*T(A\K) — ► tt*T(B\L) is a monomorphism. Since 
r^i^ is an isomorphism in nonnegative degrees, Ta\k is a monomorphism, and 
hence an isomorphism, in nonnegative degrees. □ 

Addendum 5.4.4. For all K, for all n, v > 1, and for all i > 0, the maps 

f A \ K :^(T{A\K) C v-\Z/p v ) -^ m(m(C p n,T(A\K)),Z/p v ), 
T A \ K :ni(T(A\Kfv n ,Z/ P v ) -^ ^(m'(C p n,T(A\K)),Z/p v ), 

are isomorphisms. 

Proof. If v = 1 this follows from Theorem 5.4.3 and the main theorem 
of [47], and the general case follows by easy induction based on the Bockstein 
sequence. □ 

5.5. We now evaluate the spectral sequences E*(C p n,T(A\K)). 

Theorem 5.5.1. Suppose either fj, p C K or K = K$. Then the nonzero 
differentials in the spectral sequence 

E 2 (C pn ,T{A\K)) = K{u n ,d\ogTXK}®S{^ K , aK ,T^}/{^) 
=> Tt*{U{C p n,T(A\K))) 

are multiplicatively generated from 

d v v-i >(T%iT r K a a K ) = \-{t k ock) "- 1 T K d\ogTi K -T a K Ti r K a a K , 



a p ~ 1 (u n ) = n ■ [tkolk) p - 1 



T~K, 



and from dlognx being an infinite cycle. Here A and p, are units in A/p and 
in the first line v = v p {a, r, d}x, where {a, r, d}x = (pa — d)ex /(p — 1) + r. 

Remark 5.5.2. We show that the units A and n above are given by 

A = -A„ • p~ v {a, r, d} K ■ t% n) (ir p K )~ p , p = p n ■ u k (k p k )~ p , 

where A^ and p n are units in F p independent of K. 

The proof of Theorem 5.5.1 is similar to the proof of Proposition 5.4.2 
above, but the individual steps are more involved. It will be necessary to know 
the structure of the .E r -terms, given the differential structure. 
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Lemma 5.5.3. Suppose \i v C K or K = Kq, and assume that Theo- 
rem 5.5.1 is true for K. Let E q = E q (C p n,T(A\K)). Then for < s < n and 
2(p s - I) /{p -1) <q< 2(p s+1 - l)/(p - 1), 



s-1 



E q = 0A{« n }8 k\r^ r K a d K d\ogit K \ v p {a,r,d} K = v, d< ^j 1 - l} 

v=l 

A{u n , dlogTT K } (^ k^T^n r K a d K I v p {a,r, d} K > sj, 

n—l 

o v+1 -l 



E°° = ®A{u n }®k{T%n r K aj c d\ogn K \v p {a,r,d} K = v,d<2-^ IT 1 -l} 

v=l 

A{dlog7T^} ® k{T^n r K a d K \v p {a,r,d} K > n, d < E ^ r i - 1}, 

where < r < e^-, d € No and a e Z. 

Proof. When we assume the result for s < n — l, Theorem 5.5.1 implies 
that 

and inductively, £" ^ p-i ' is given by the statement of the lemma. Indeed, this 
is clear in the basic case s = 0. The differential d 2 ^ pS _1 )ap _1 ) only affects the 
last summand on the right-hand side of the statement and does not involve 
the tensor factor A{u n }. If we rewrite 

A{dlog7r^} (g) k{T^ r K a d K \v p {a,r,d}K > s} 
= k{T%it r K a d K | v p {a, r, d} = s} 

k{T%ir r K a d K dlogiT K \vp{a,r,d} K = s,d> p -^- - 1} 
© k{T% : iT r K a d K d\og'K K \vp{a,r,d} K = s, d < ^p- - 1} 
A{dlogir K } ® k{TxTr r K a d K \vp{a,r,d} K > s + 1}, 

the differential d 2 ' pS _1 )/( p_1 ) vanishes on the last two summands and maps 
the first summand isomorphically onto the second. Indeed, 

{a + E^l,r,d + ^ - 1} K = {a,r,d} K + gf . 

Assuming that Theorem 5.5.1 holds for K, we have 

£; v p-i ; = e p- 1 



and the common value has already been determined. Up to a unit, 
d p- 1 u n = (tkcxk) "- 1 T K - 
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If we rewrite 

.a _T „ d 



A{un,dlogir K }® k{TKir r K a K \ v p {a, r, d} K > n} 

> ^ A ~~> E 

p-1 



A{dlog7r K } (g> k{T^7T r K a d K \v p {a,r,d} K > n, d > p " 1 1 - 1} 



© A{d log ir K } ® /c{u„r^-7r^a^ | v p {a, r, d|^ > n} 

© A{dlogir K }® k{T^TT r K a d K \ v p {a,r,d} K > n, d < ^p-1}, 



the differential d 2 ^ pn l )/\P ^ x maps the second summand isomorphically 
onto the first summand and leaves the last summand unchanged. □ 

Proposition 5.5.4. Let T = T(W(k)\K ). In the spectral sequence 
E 2 (C p n,T) = A{u n ,dlog{-p)} <8) S^ 1 , k} =» 7f*(H(C p n,T)), 
£/ie higher differentials are multiplicatively generated from 

cT^^V ) = A„ ■ (te) - ^ Hdlog(-p) • t p , 1 < u < n, 

■2( P n+1 - 1 ) i P n+1 -i 1 

d p- 1 (u„) = fi n ■ (tn) p- 1 t, 
where X v ,fi n € F p are units, and from tn p and dlog(-p) being infinite cy- 



s + l 



cles. Moreover, the infinite cycles (— £k) p dlog(-p), 1 < s < n, represent 
dV n ' s {l). 

Proof. The proof is by induction on n and is similar to the proof in [4] 
of the differential structure of the spectral sequences E*(C p n, T(W(k))). The 
basic case n = 1 was proved in Proposition 5.4.2. So assume the statement for 
n — 1. 

We first argue that in Tt^(M(C p n ,T)) , the class vf 1 is nonzero if and only 
if m < (p n — l)/(p — 1). By Addendum 5.4.4, the maps 

7f*(M(Cpn,T)) ^-7f*(r c 'i>"- 1 ) ^7f,(M - (C7 p n-i,T)) 

are isomorphisms in nonnegative degrees, and hence, we may instead consider 
the class v™ in 7f*(H"(C p n-i,r)). To this end, we use the spectral sequence 

E 2 {C p n-i,T) =A{u n _i,dlog(-p)}<8>S{f,K} =>^{M'(C pn -i,T)) 

whose differential structure is determined by the statement for n — 1. We 
evaluate the i? r -term by an argument similar to the proof of Lemma 5.5.3. To 
state the result, let P(a, d, v) be the statement 

"a < 2^i or d < ^rr 1 - 1, or both". 
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Then for < s < n — 1, 

s+l_l s ~ 1 

E 2{ -^^~ ) = A{u n -i} <8> /c{t a K d dlog(-p) I w p (j9a - d) = u and P(o,d,v)} 

t>=0 

© A{u n _i,dlog(-p)} <g> /c|t a K d [ t; p (pa - d) > s}, 

n-2 

£°° = A{u n _i}® /cji a K d dlog(-p) | v p (pa-d) =v and P(a,d,v)} 



i)=0 

© A{dlog(-p)} ®k{t a n d | v p (pa- d) > n - 1 and P(a,d,n - 1)}. 

We know from Addendum 5.3.7 that the infinite cycle (—tK p ) m , if not a bound- 
ary, represents the class v™. The smallest power mo such that {—tK p ) m ° is a 
boundary is m = (p n — l)/(p — 1), (-tK p ) m ° = d 2m °~ 1 (u n -iK pn ). Hence, t>™ 
is nonzero, if m < mo, and v™° is represented by an element of E^ 2 , 1 - )m _ s 
with s < —2mQ. But these groups are all zero, and therefore, so is i>™ . 

We next show that in E*(C p n,T), (-tK,) pS+1 dlog(-p), 1 < s < n — 1, 
represents dy n_s (l), and that {—tn) p dlog(— p), if not a boundary, represents 
dV(l). The latter follows from Proposition 5.3.4 and Addendum 5.3.7, since, 
by Lemma 3.1.1, 

dV(l) = d(-p n ) = -p n d\ ogn (-p) = V(l)d\og n {-p). 

To prove the former, we consider the map 

F:7fi(]ft(Cpn,r))-»7fi(i[(c pn -i,r)), 

which, by Lemma 3.3.3 and Proposition 3.4.1, is a surjection whose kernel 
is generated by dV(l). Moreover, it takes dV n ~ s (l) to dV n ~ l ~ s (l) and the 
induced map of spectral sequences 

F: E* {C p n ,T)^E* (C p „-i , T) 

takes {—tK) p dlog(— p) to (— £k) p dlog(— p). The claim follows, inductively, 
since the generator dV(l) of the kernel of F is represented by an element of 
E* mA _ m (C pn ,T) with m < -2p n . 

We now begin the proof of the statement of the proposition for n. Suppose 
first that 2 < r < 2(p n — l)/(p — 1). The statement for n — 1 implies that in 
the spectral sequence 

P 2 (T, T) = A{dlog(-p)} ® S^ 1 , k} =► vf,M(T, T), 

the d r -differential is multiplicatively generated from the stated differentials 

v — 1 

on t p and from dlog(-p) and tn p being infinite cycles. Indeed, one shows 
inductively that the canonical map induces an isomorphism 

7n _i:A{ Un _i}®£ r (T,T) -^E r (C pn -i,T). 
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We claim that for r in the stated range, d r {u n ) is zero. To see this, we 
consider the map of spectral sequences induced from V:7f*(H(C p n-i,T)) — ► 

7f*(H(Cpn,T)), 

V:E r (C p n-i,T) -^E r (C p n,T). 

The map of E 2 -terms is given by the transfer map in Tate cohomology. It 
follows that u n = V(u n -i), and hence, d r (u n ) = V(d r (u n -i)), which is zero 
for r in the stated range. We now conclude, by induction on r, that 

ln :A{u n }®E r (T,T)^E r (C p n,T) 

is an isomorphism and that the ^-differential is as stated. Before we proceed, 
we note that in E*(T,T), and hence in E*(C p n,T), the elements t % k 3 d\og{—p) 
are infinite cycles. This follows, by arguments similar to [19, §5.3], from the 
fact that the homotopy groups of T with Z p -coefncients are concentrated in 
degree zero and in odd positive degree. 

If r = 2(p n — l)/(p — 1), the possible nonzero differentials are generated 
from 

n — 1 

d r {t pn ' 2 ) = \ n ^ ■ (^—-hdiogi-p) ■ tp"~ 2 , 

P "-i 1 

d r {u n ) = u n ■ (tn) p- 1 tdlog(-p) ■ u n , 

where A n _i, v n € ¥ p . We first show that A n _i is a unit. If n = 2, the A;- vector 
space 7Ti(H(C p 2, T)) is generated by the classes dlog 2 (— p) and dV(l). The for- 
mer is represented by dlog(-p) and the latter by an element of E* m 1 _ m (C p 2, T) 
with m < —2p 2 . Hence, the infinite cycle (tK) p dlog(— p) must be hit by a 
differential, and this can happen only if Ai is a unit. If n > 2, we con- 
sider dV 2 (l) € 7Ti(M(C p n,T)) which is represented by {—tn) p dlog(-p). 
We know that v-^ annihilates 1 G 7f*(EI(Cpn-2,T)) and hence also 

dV 2 {l) G7fi(H(C p n,T)). Therefore, 

n— 1_ -I 

(_ te P)(p"- 2 -i)/(p-i) . (-tKf"' 1 dlog(-p) = (-tK)-*=i — hdlogi-p) ■ t- pn ~ 2 
must be hit by a differential, and this can happen only if A ra _i is a unit. 

n — 2 

We next show that v n is zero. If not, then d r (u n t p c ) = 0, for some 
< c < p, and for degree reasons, the next possible nonzero differential is 

d 2(^ +P ^ c) - 1{untp n-, c) = ^ {tKp) E^l +p n-, c r - Hc+1) _ 

But this must be zero, or else vf p c would be zero. For degree 

reasons, the next possible nonzero differential is d 2 ^ pn ~ 1 )/' p ~ 1 ). In particular, 
no differential can hit v^ Jn ' . So we must have v n = 0. 

The next possible differential is the stated one on u n , and since v\ 
is zero, fi n must be a unit. For degree reasons, all further differentials van- 
ish. □ 
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We next prove Theorem 5.5.1, when fj, p C K and n < v p {ex)- 

Proposition 5.5.5. If fi p C K and if n < v p (eK), the nonzero differ- 
entials in the spectral sequence E*(C p n,T(A\K)) are multiplicatively generated 
from 

d ( f- 1 (ttjc) = —\ v -(tn) p- 1 tdlogiTK • k p k , 0<v<n, 

2( P »+i_i - p" +1 -i 1 

d p- 1 ' {u n ) = fi n ■ (tn) p- 1 t, 

and from, tk , olk , o,nd d log itk being infinite cycles. 

Proof. Since n < v p (ck), Proposition 5.3.6 and Addendum 5.3.7 show 
that tkolk and tkoP k are infinite cycles. Hence if d r a.K is nontrivial then so is 
d r (a K ) contradicting the fact that d r is a derivation. It follows that both ax 
and tk are infinite cycles, and dXogitK is an infinite cycle by Proposition 5.3.4. 
Hence, Theorem 5.5.1 amounts to the statement above. 

Suppose first that u' K (0) is a unit. We prove the stated formula for d r (ir K ) 
by induction on < v < n. The basic case v = follows from Proposition 4.4.3. 
Now, assume that the ^-differential is as stated, for 2 < r < 2{p v — l)/(p — 1), 
and consider 2(p v - l)/(p - 1) < r < 2(p v+1 - l)/(p - 1). We note that 
7i K (t K p ) 3 d log it k is equal to zero in E r (C p n,T(A\K)), if v p (i) = s < v and 
3>(p s -l)/(p-l)- 

By definition, tk = u K n (ttk) p t, so that 

I —U K {TT K ) T R , 

and since tk is an infinite cycle, we find 

(v—n)i( p v \ 
d^P"- 1 ) = _ % W_ t p^ . #,*>, 

V I ( v - n ) p v \ K I 

U K \ n K > 

The first factor on the right is a unit in E r , for r in the stated range, and 
hence, we can evaluate d r (ir K ) from the value of d r (t p ), which is 
known by Proposition 5.5.4. It follows that d r (n K ) is equal to zero, if r < 
2(p v+1 -l)/(p-l). If r = 2(p v+1 -l)/(p-l), 

v+1 



d r (t pV ') = A„ • {tK) S T=r 2 ~ 1 tdlog(-p) ■ t p 



. u K n) '(ir K )ir K u Elt^l_l. ,. ... 

X v ■ ,_ n) (tn) P- 1 tdloglTR ■ t P 

% far) 



(v-n), 



„«+l 



- At, -^7 — \ , (to) "- 1 tdlogvr^-t p . 

The second equation uses — p = ^k^k^k) 1 and 9k{^k) = uk{t^k) p ^ 1 ', and 
the third follows from Lemma 5.4.1 since, as noted above, Tr K (tK p ydlogTTK is 
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equal to zero in E r (C p n,T(A\K)), if v p (i) = s < v and j > {p s+l - \)/{p - 1). 
The stated formula for d r {-K P K ) follows. Similarly, we see that d r {jx v K ) is equal 
to zero, if r < 2{jp n+l — l)/(p — 1), and the differential on u n follows from 
Proposition 5.5.4. For degree reasons, all further differentials are zero. 

To treat the general case, let II be the pointed monoid {0, 1, n, tt 2 , . . .} with 
base point 0. The choice of uniformizer ttk determines a map of T-spectra 

p K :T(W(k)\K ) A \N? y (U)\^T(A\K), 

which is multiplicative with component- wise multiplication on the left; com- 
pare Section A.l below. As a differential graded fc-algebra, 

Tt4T(W(k)\K ) A |7V. cy (n)|) = A{d\og(-p),dTr} <g> S{k,tt}, 

and the map of homotopy groups with Z/p-coefficients induced from px is the 
unique map of differential graded fc-algebras that is 7f*T(Vy(A;)|i ; ro)-linear and 
takes it to ttk- We claim that in the spectral sequence 

E*(U) = E*(C pn ,T(W(k)\K ) A |A^. cy (n)|), 

the nonzero differentials are generated multiplicatively from 

d^-^^'^P ) = -A„ • (tK)~^ — H ■ ir p l dir, 0<v<n, 



from the differentials on the t p , 1 < v < n, and the differential on u n given 
by Proposition 5.5.4, and from tK p , dlog(-p), tt p and n p ~ 1 dn being infinite 
cycles. This proves the proposition since E*(C p n, T(A\K)) is a module spectral 
sequence over E*(JT). 

To prove the claim, we choose a totally ramified extension K/Kq with 
p p C K such that n < v p (ex) and u' K (0) is a unit. The proposition already 
has been established for E*(C p r>.,T(A\K)). As cyclic sets 

N7(U)= \jN7(U;s), 

s>0 

where the s-th summand has n-simplices (tt H) , . . . , ir tn ) with io + . . .i n = s, and 
the spectral sequence E*(H) decomposes accordingly. It will suffice to show 
that for < v < n, the differentials in the p v -th summand spectral sequence, 

E 2 (U,p v ) = A{u n ,dlog(-p)} S{t ±l ,n} ® k{ir pV ,ir pV - l dTi} 

=> it4U(C pn ,T(W(k)\K ) A \N7(Il,p v )\), 



are multiplicatively generated from the stated differentials on tt p , the differ- 
entials on the p-powers of t, and the differential on u n , and from dlog(-p) 
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and 7r p ~ 1 dn being infinite cycles. We note that the map px*- E 2 (U,p v ) — ► 
E 2 (C p n ,T(A\K)) is a monomorphism. Indeed, n^ and 

dlog(-p) = /^ — — dlogir K 

are nonzero, since p*" < e^ and since u' K (0) is a unit, respectively. It follows, by 
induction on r, that pK*'E r (H,p v ) — > i? r (Cpn,T(.A|.K")) is a monomorphism 
and that the ^-differential is as stated. For instance, n p ~ l dir is an infinite 
cycle because pk*(^ p ~ 1 dw) = T^dlognK is. □ 

Proof of Theorem 5.5.1. Let n > 1 and X be given. We prove by induction 
on q that the ^-differential in E*(C p n,T(A\K)) is as stated. The basic case 
q = 2 follows from Propositions 4.4.3 and 5.2.3. So assume the statement for 
q — 1 and suppose first that 2(p s — l)/(p — 1) < q < 2(p s+1 — l)/(p — 1) with 
s < n. We recall from Lemma 5.5.3 that E q = E q (C p n,T(A\K)) is given by 

s-l 
E q = ^K{u n }®k{r^ r K a d K d\ogTT K \ v p {a,r,d} K = v,d < l ^ r i - l} 

v=l 

© A{u n ,dlog7r K } <g) k\T%it r K a d K \ v p {a,r,d}K> s\. 

Since the elements r^-7r^-a d dlog7rft: are infinite cycles, and since d q (u n ) is zero 
by Proposition 5.5.4, it suffices to evaluate d q {j'j i 'K r K a d K ) with v p {a, r, d}x > s. 
To this end, we find a totally ramified extension 

L = K[ir L ]/(ir e L L/K +n K 9 L/K (Tr L )) 

such that n < v p (ei) and such that the map 

L*:E* it (C pn ,T(A\K)) - %(Cpn,T(B\L)) 

is a monomorphism, for t > g — 1. Since the differential structure of the 
right-hand spectral sequence is known from Proposition 5.5.5, this allows us to 
evaluate the ^-differential in the spectral sequence on the left. We consider the 
extension L/K with e L / K = p n+1 and L / K (x) = x — 1, and recall from (5.2.7) 
that the map of .E 2 -terms is given by 

, l^a r d \ __ (-i \~{a,r,d} K a e L/nr d 

l*(dlogTT K ) = TT L (1 - IT L^dlog IT L . 

Hence, the induced map of E q -terms takes Tf C ir r K a d < with v p {a, r, d}x > s to 

and r^-ir r K aj < dlog-iTK with v p {a, r, d}x > s and d > (p s — l)/(p — 1) — 1 to 
(1 - /;)-^V;(l - vrf r 1 ■ rf^' ~a d L dlogir L , 
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where the latter statement uses Lemma 5.4.1 and that it l L -t^k^ a LdlognL 
is equal to zero in E q (C p n ,T(B\L)) , if v p (i) < s. It is clear that this map is a 
monomorphism in the stated range. Indeed, r < ex — 1 and e^ = ^lik^k-, an d 
therefore, eL/K r • + p s < ei, — p n+l + p s < e L — 1. It follows immediately from 
Proposition 5.5.5 that d q \^*{T%;^ r K a d K )) vanishes, if q < 2(p s+1 — l)/(p — 1), 
and a straightforward calculation shows that 

, _ P s+1 -i 1 , 

d q (iA T KK r K<*K)) = i*(-K-P s {a,r,d} K -{tK) ^ tdlogn K ■ T%TT r K a a K ), 

if q = 2(p s+1 — l)/(p — 1). Since t* is a monomorphism, we conclude that 

p s+l_ 1 

d q (T^7r r K a d K ) = -\ s -p- s {a,r,d} K -(tK)^-i Hd log tt^ • t% -K r K a d K 

= -\ s -p- s {a,r,d} K -u { °T n \^yv 

p 3+1 -i 1 
■ {t k olk) p - 1 T K d\og^K-r%'K r K a K 

as desired. Finally, an analogous argument shows that d q {j'j i 'K r K o d K ) is equal 
to zero, if 2(p n — l)/(p—l) < q < 2(p n+1 — l)/(p— 1), and the stated differential 
on « n follows from Proposition 5.5.4. All further differentials vanish for degree 
reasons. □ 

5.6. We conclude this section with a proof of the following result, which 
was used in the proof of Proposition 3.3.6 above for n > 3. 

Lemma 5.6.1. For all i > 0, the Frobenius induces a surjection, 
F:TRl +1 (A\K;p) -» TB%- + \(A\K;p). 

Proof. For i > 0, the group TRf(A\K;p) is a sum of a uniquely divisible 
group and a p-torsion group of bounded height. Indeed, this is true when 
n = 1, and the general case follows inductively from the cofibration sequence 

h TR n (A\K;p) -^ TR"(A|^;p) -^ TR^AI^p) 

and the spectral sequence (3.3.2). Since FV = p, the Frobenius induces a 
surjection of uniquely divisible summands. Hence, it suffices to prove that the 
statement of the lemma holds after p-completion. And, by Addendum 5.4.4, 
we may instead show that the canonical map 

ln :n 2i+ i(W(T,T(A\K)),Z p ) - n 2i+ i{M-(C pn ,T(A\K)),Z p ) 

is surjective. To this end, we consider the spectral sequences 

El t (T) = H- s (BS l ,7T t (T(A\K),Z p ))^7T s+t (m-(T,T(A\K)),Z p ), 

Elt( C P n ) = H- s (BC pn ,TT t (T(A\K),Z p ))^TT s+t (M-(C p r,,T(A\K)),Z p ), 

both of which are strongly convergent second quadrant spectral sequences. 
This means that the filtration of 7r*(H[*(G, T(A\K)),Z p ) associated with the 
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spectral sequence E*{G) is complete and separated and that there is a canonical 
isomorphism 

gr s K s+t {W{G,T{A\K)),Z p )^E™{G). 

It will therefore suffice to show that 



lT s ( ln ):gT s 7r 2i+1 (M- (T,T(A\K)),Z P ) ^ gi s 7r 2i+1 (W (C pn ,T(A\K)) 



, ^ PJ 



is a surjection for all s < and i > 0. The induced map of .E 2 -terms is 
given by the map on cohomology induced from the inclusion C p n — > T, and 
hence, is surjective for s even. Moreover, by Remark 2.4.2, tt*(T(A\K),Z p ) is 
concentrated in odd degrees with the exception of ttq(T(A\K), Z p ), and hence, 
the nonzero differentials in the spectral sequence E r (T) must originate on the 
line t = 0. It follows that for s even and t > 0, the map 

7 fM ,:£S )t (T)-££ )t (Cpn) 

is surjective for all 2 < r < oo. (Since these groups do not support nonzero 
differentials, they are stable for r > s.) Since only the groups E r st (C p -n,) with s 
even and t > can contribute to 7T2i+i(m' (C p n,T(A\K)),Z p ), this shows that 
the map gr s (7„) is indeed surjective. □ 



6. The pro-system TRl(A\K;p,Z/p v ) 

6.1. In this section, we prove the main theorem of this work. Suppose 
that jjipv c K such that we have the maps 

Z°°Bn p v + ^X K{K) -^ TR n (^|^;p). 
Since p is odd, the Bockstein gives an isomorphism 

7r 2 (E 00 B/v+ J Z/p v ) J ^ P «7ri(S 00 B/i p « J Z/p t ') ^ ^, 
and hence, these maps induce 

^ -> K 2 (K,Z/p v ) -^ TRZ(A\K; P ,Z/p v ) = n 2 (TR n (A\K;p),Z/p v ). 
It follows that there is a canonical map of log Witt complexes 
W.uj\ am) ® 5 z/p «(/v) - tr;(a|k ;p ,z/^), 

where on the second tensor factor on the left, the maps i?, i 7 and V act as the 
identity and the differential d acts as zero. We recall from Theorem 3.3.8 that 
this map is an isomorphism in degrees and 1. 
By Addendum 5.4.4 the map 

Ym k :TRZ{A\K-p,Z/ P v ) -> Tr4W(C p n,T(A\K)),Z/p v ) 
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is an isomorphism in nonnegative degrees. The groups on the right, for v = 1, 
are given by the spectral sequence E* = E*(C p n,T(A\K)), which we evaluated 
in Theorem 5.5.1 above. The result is that 

n— 1 

E°° = k{u £ n T^TT r K a d K dlogTT K v p {a,r,d} K = v,d< pV ^_~ l - l} 

D = l 

© /cjy^Tr^a^dlogTTE-) 6 v p {a,r,d} K >n,d< ^f 1 - l}, 

where a £ Z, rf 6 No, £ G {0, 1}, and < r < e^, and where 

{a, r, d}^ = (pa - d)e K /(p - 1) + r. 

We call the basis of E°° as a /c-vector space exhibited here the standard basis. 

Proposition 6.1.1. If fi p C K or if K = K then TB%(A\K;p,Z/p) is 
an nex- dimensional k-vector space, for all q > 0. 

Proof. We fix a total degree q and evaluate the cardinality of the standard 
basis of E°°(Cpn, T(A\K)). An element of the standard basis is in total degree 
q = 2m + e if and only if d — a = m. We let v = v p {a, r, d}x and note that 

{a,r,d}x = dex + r -pexm/(p- 1). 

Hence, the elements of the standard basis of E°°(C p n, T(A\K)) in total degree 
q are indexed by integers 1 < v < n, < r < ex and d > such that either 1 < 

i-l 



v < n and v p (dex +r —pexm/ (p—1)) = v and < dex+r < ( p 1 l)ex or 



v = n and v p (dex + r — pexm/(p — 1)) > v and < dex + f < ( p j~ l)e^- 

But these requirements are equivalent to the requirement that for all 1 < v < n, 
ctex + r is congruent to pexm/(p — 1) modulo p" and 

($Er " l ) e « <de K + r< (^i - l)e K = (ffr - 1 W + P w e* . 

It is clear that for each value of 1 < v < n, there are ex pairs (d, r) which 
satisfy this requirement. Hence, the dimension is equal to nex as stated. □ 

Lemma 6.1.2. Suppose that the class £ € Tr*(M.(C p n,T(A\K))) is repre- 
sented in E°°(C p n,T(A\K)) by the element u e n T K TT K a K (d\ogirx) ■ Then the 
product b n ■ £ is represented by ±u e n T K +a ^x a K a + (dlognx) , where 
f + &K /{p — 1) = a'e^: + r' and < r' < ex- 

Proof. We show that the map induced from multiplication by b n , 

b n :E 3 (C pn ,T(A\K)) ^ E 3 (C pn ,T(A\K)), 
is given by the stated formula. It suffices to consider the case n = 1. Indeed, 

^-^(CXT^)) - El t (C p ,T(A\K)), 
V n - l :El t {C p ,T{A\K)) - 4 3 t (C p ,,T(A|^)), 
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are isomorphisms for s even and odd, respectively, and commute with multipli- 
cation by the Bott element, since F n ~ l (b n ) = b\. Suppose first that f p (e^) > 1 
such that 

E 3 (C P ,T(A\K)) = A{ Ul ,dlogir K } ® S{T±\ir p K ,a K }/(ir e K K ). 

It will suffice to prove that b\ ■ ir r K is equal to ±rf <: 'K r K a a K +l . This follows 
from the "multiplicative extension" 71"^? = —tkolk- More precisely, Propo- 
sition 5.3.6 shows that the elements t; v k and —tkolk represent the classes 
Ta\k( 7T k) and T^ K (-ir e I ^ ), respectively. We also recall from (5.2.4) that 

the element — tt^ ax represents the Bott element b±. But cxk survives 

the spectral sequence and represents a homotopy class, say, olk- Hence, 
— 7r^ olk also represents the class — ^ ayk^k )&k- The claim fol- 

lows, if v p (eK) > 1- In general, we pick a totally ramified extension L/K such 
that v p {eL) > 1 and such that the map 

fc*: E 3 (C P , T{A\K)) - E 3 (C p , T{B\L)) 

is a monomorphism. □ 

We note that multiplication by b n preserves the symbol 

{a, r, d} K = {a + a', r', d + a' + 1} K , 

and that the class b\ is represented by zLt^tt^ a K 9 with q = 

Qlip ~ 1) + Qo and < q < p - 1. 

Lemma 6.1.3. An element of the standard basis of E°°(C p n,T(A\K)) 
represents a homotopy class in the image of the composite 

WnOJ* {AM) ® S z/p (n p ) - TK r :(A\K;p,Z/p) -> 7f*H(C p n,T(A|K)) 

z/ and only z/ {a, r, d}x > 0. 

Proof. The map of the statement is an isomorphism in degrees and 1 by 
Theorem 3.3.8 and Addendum 5.4.4. Indeed, in these dimensions {a, r, d}n is 
automatically nonnegative since a = d. We must thus show that for all q > 
and e = 0,1, the map 

0^. s (C pn ,T(i|if)) -$% +M ( C P"- T (^)) 

s<0 s<0 

induced by multiplication by the q-th power of the Bott element is a sur- 
jection onto the stated subspace. Suppose for example that a homotopy 
class is represented in the spectral sequence by the element t^tt^o^ q and 
write r — qex/{p — 1) = — a-oe-K + vq with < ro < ex- The requirement 
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{a, r,a + q}x > is then equivalent to oq < a, and by Lemma 6.1.2 
r AT n K a K — ±T K 7r K a K ■ 

The other elements of the standard basis are treated similarly. □ 

Theorem 6.1.4. Suppose K contains the p-th roots of unity. Then the 
canonical map is a pro- isomorphism: 

W. lu* (am) <g> S z/p (/*p) -^ TR;(^|^;p, Z/p). 

Proof. Let E 1 .* denote the pro-system on either side of the map in the 
statement. The standard filtration, given by 

Fil s E* n = V s E* n _ 1 + dV s E* n _ 1 , 

is a descending filtration with s > 0. The filtration has length n in level n, i.e. 
Fil n 2£* is trivial. The map of the statement clearly preserves the filtration. 
We show that for all q > 0, there exists N > 1 such that for all n > 1 and 
< s < n — iV, the canonical map 

gr s (Vy n ^ iM) ® 5 z/p (jWp))i - gi s TR?(A\K;p,Z/p) 

is an isomorphism when < s < n — N . Since the structure maps in the 
pro-systems preserve the standard filtration, the theorem follows. 

We have already proved that the map of the statement is an isomorphism 
in degrees and 1. Hence, it suffices to show that for all q > 0, there exists 
N > 1 such that for all n > 1, < s < n — N and e = 0,1, multiplication by 
the q-th power of the Bott element induces an isomorphism 

gr s TR^(A\K;p,Z/p) -^ gr s TR% +£ (A\K;p,Z/p). 

We claim that any N > 1 with p(q + l)e^/(p — 1) < p N will do. 

For surjectivity we use Lemma 6.1.3. Consider an element of the standard 
basis in degree 2q + e with symbol {a, r, cC\k- Since d > and d = a + q, we 
have a > —q, and hence 

{a,r,d}i^ = aeif - qex/ip - 1) + r 

> —pqex/ip — I) + r > —p . 

Therefore, if v p {a, r, d}x > N we have {a, r, d}x > 0. It follows that mul- 
tiplication by the q-th power of the Bott element induces a surjection of all 
summands in E°°(Cpn,T(A\K)) except for the summands with v < N. But 
these summands all represent homotopy classes of filtration greater than or 
equal to n — N. Indeed, by Proposition 4.4.1 

V s (u n -. s T ( j! < Tr r K aj < dlogirK) = UnT^TT^a^dlogTrK, 
diunT^Tx^a^dlog-KK) = T%if K a d K dlog 1T K . 
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Thus elements of the standard basis with {a, r, d}x < N are either in the 
image of V n ~ N or of dV n ~ N . 

To prove injectivity, we first note that for an element of the standard basis 
of £^°°(Cpn, T(A\K)) in total degree 1q + e, the requirement that 

0<d< 1 - 1 

p — 1 

is equivalent to the requirement that 

P1 eK *- f a\ / pqeK , pV+1 ~ l , 

r < {a,r,d\ K < - + e K : \-r -e K - 

p — 1 p — 1 p — 1 

We show that v p {a,r, d}x = v > N and {a,r,d}x < &k(p v+1 — l)/(p ~~ 1) 

implies that 

r « . P?ex ^ +1 - 1 

{a, r, djft: < + e K : \-r -e K . 

p — 1 p — 1 

Indeed, the largest integer which is both congruent to zero modulo p v and 
smaller that ex(p v+1 — l)/(p ~~ -0 * s e KP v+1 /(p ~ 1) ~~ P" ■ Thus {a,r, <i}^ < 
ei<p v+1 /{p — 1) — p u , and it suffices to check that 

zkP /{p- 1) -p < + ex Yr -e K . 

p — \ p — 1 

But this is equivalent to the inequality 

v ^ p(q+i)e K 

P > -, r, 

p — 1 

which is satisfied for n < N. This shows that the map induced by multipli- 
cation by the g-th power of the Bott element induces a monomorphism of all 
summands in E°°(Cpn,T(A\K)) except for the summands with v < N. The 
theorem follows. □ 

Proof of Theorem C. The proof is by induction on v; the basic case v = 1 
is Theorem 6.1.4. In the induction step, we write q = 2s + e with < e < 1 
and consider the diagram of pro-abelian groups 



TK q {A\K- lPl Z/p v ' 1 ) — TR q (A\K;p,Z/p v ) — TR q (A\K;p,Z/p), 

where, inductively, the right- and left-hand vertical maps are pro-isomorphisms. 
The lower sequence is exact at the middle. Hence, it will suffice to show that 
the upper horizontal sequence is a short-exact sequence of pro-abelian groups. 
Clearly, we can assume that s = 0. If e = 0, the sequence is exact since W n (A) 
is torsion free, for all n > 1. (This does not use the fact that fi p v c K.) If 



ON THE ^-THEORY OF LOCAL FIELDS 101 

e = 1, only the injectivity of the left-hand map requires proof. To this end, we 
consider the diagram 

w.{A)®li p — w.uj\ am) ®z/ p v - 1 — w.w^az/j,* 

TR^|tf;p,Z/p) -^ TRKAI^p.Z/p"- 1 ) — TR[(A\K;p,Z/p v ), 

where the left-hand and middle vertical maps are pro-isomorphisms by induc- 
tion, and where the lower sequence is exact. It will suffice to show that the 
upper left-hand horizontal map is zero. But this map takes x (g> (, to xdlog. £, 
and since £ has a p u-1 st root, dlog. C is divisible by p v ~ l . D 

Remark 6.1.5. It follows from Theorem C that if fi p v C if, the map 

W. (.4) (g) /Ltp« ^ p v W. u\ AM) , 

which takes x (g £ to xdlog. £, is a pro-isomorphism. It would be desirable to 
have an algebraic proof of this fact. 

Theorem 6.1.6. There are natural isomorphisms, for s > 0: 

TC 2s (A\K;p,Z/p) - H°{K,v,f>)®H 2 (K,v$(> + V), 

TC 2s+1 (A\K;p,Z/p) - H^K^f'+V). 

Proof. Since the extension K(p, p )/K is tamely ramified, we may assume 
that Up C K. Indeed, Theorem 2.4.3 shows that the canonical map 

TC4A\K;p,Z/p) -^ TC4A(n p )\K(v p );p,Z/pf^ K ^yV 

is an isomorphism, and the analogous statement holds for H*(K, fi p s ). If 
Up C K, Theorem 6.1.4 shows that for s > and < e < 1, the canonical map 

TC £ {A\K;p,Z/p)®ti® s ^TC 2s+£ (A\K;p,Z/p) 

is an isomorphism, and hence, it suffices to prove the statement in degrees 
and 1. 

In degree one, the cyclotomic trace induces an isomorphism 

K^fK^v = Kl (K,Z/p) -^TCi(A|tf;p,Z/p), 

and by Kummer theory, the left-hand side is H l (K, fi p ), [40, p. 155]. In degree 
zero, we use the fact that Addendum 1.5.7 gives an exact sequence 

- TC (A;p,Z/p) -> TC (A\K;p,Z/p) - TC_i(fc;p,Z/p) -> 0. 

The left-hand term is naturally isomorphic to Z/p = Kq(A,Z/p) by 
[19, Th. D], and the left-hand map has a natural retraction given by 

TC (A\K;p,Z/p) -> TR (A|K;p,Z/p) F = Z/p. 
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It remains to show that the right-hand term in the sequence is naturally iso- 
morphic to H 2 (K, Up). We recall from [40, p. 186] the natural short exact 
sequence 

-> H 2 (k,n p ) -* H 2 (K,fi p ) -+ H x (k,2./p) -» 0. 

Since A; is perfect, the left-hand term vanishes, [40, p. 157]. Let k be an 
algebraic closure of k. The normal basis theorem shows that H l (k, k) vanishes 
for i > 0, and hence the cohomology sequence associated with the sequence 

0->Z/p->k i ?-ik->0 

gives a natural isomorphism fc„, — * i? 1 ^, Z/p). Finally, since /c is perfect, the 
restriction induces a natural isomorphism 

TC_i(fc;p,Z/p) = ^(fc) F /pH^(fe) F ^+ fc„. □ 

Remark 6.1.7. If [i v C K, we can also give the following noncanonical 
description of the groups TC*(A\K;p, Z/p). Let ( G /t p be a generator, let 
6 = b^ be the corresponding Bott element, and let it = ixk € ^4 be a uniformizer. 
Then for s > 0, 



TC 2s (A\K;p,Z/p) = Z/p ■ b s © k v ■ d{d\ogTt ■ b s 



TC 2s +i(A\K;p,Z/p) = Z/p-b s dlog.TT®k^-d{b s+1 )®k eK , 

where k v is the cokernel of 1 — ip: k — > k, ex is the ramification index, and d 
is the boundary homomorphism in the long-exact sequence 

• • • -^ TC q (A\K;p,Z/p) - TR g (A|^;p, Z/p) — £ TR 9 (,4|^;p, Z/p) -^ . . . . 

The summand k eK in the second line maps injectively to the kernel of 1 — F, 
the inclusion 

e K -l 

Vie** = k^TR 2s+1 (A\K;p,Z/p) 
i=0 
given, on the i-th. summand, by 

Vi (a) = J2 J~ V{ '^ ) UKfa)- p dVZ(iL i ) -b s + J2 F v (au K (lL)- p d(K i )) ■ b s . 

The sum on the right is finite and the sum on the left converges. 

We shall need a special case of the Thomason-Godement construction of 
the hyper-cohomology spectrum associated with a presheaf of spectra on a site, 
[10, §3]. Suppose that F is a functor which to every finite subextension L/K 
in an algebraic closure K/K assigns a spectrum F{L). For the purpose of this 
paper, we write 

(6.1.8) F 6t (K) = holim W (G l /k,F(L)). 

L/K 
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There is a natural strongly convergent spectral sequence 
(6.1.9) E\ t = H- S (K, lim7T t F(L)) =► Tr s+t F 6t (K), 

L/K 

which is obtained by passing to the limit from the spectral sequences for the 
group cohomology spectra 

E\ t = H- s (G L/K ,7r t F(L)) =* n a+t M'(G L/K ,F(L)). 

Indeed, filtered colimits are exact so we get a spectral sequence with abutment 

limvr,H-(G L/x ,F(L)) ^n*F 6 \K), 

L/K 

and the identification of the S 2 -term follows from the isomorphism 

\imH*(G L/K ,ir*F(L)) -^ \imH*(G L/K ,(Kmir*F(N)fL) 

L/K L/K N/L 

= H*(K,limn*F(N)). 

N/K 

This isomorphism, which can be found in [41, §2 Prop. 8], is a special case of 
the general fact that on a site with enough points, the Godement construction 
of a presheaf calculates the sheaf cohomology of the associated sheaf. 

Theorem 6.1.10. The canonical map is an isomorphism in degrees > 1: 

1K : K*(K, Z/p") - K?(K, Z/p v ). 

Proof. It suffices to consider the case v = 1. In the diagram 
K{K) ^^ K 6t (K) 

TC(A\K;p) ^^ TC 6t (^l^;p), 

the left-hand vertical map induces an isomorphism on homotopy groups with 
Z/p-coeflicients in degrees > 1. This follows from Addendum 1.5.7 and [19, 
Th. D]. We use Theorem 6.1.6 to prove that the right-hand vertical map in- 
duces an isomorphism on homotopy groups with Z/p-coefficients and that the 
lower horizontal map induces an isomorphism on homotopy groups with Z/p- 
coefficients in degrees > 0. 

We first prove the statement for the map induced from the cyclotomic 
trace 

K 6t (K) -> TC 6t (A\K;p). 

The spectral sequence (6.1.9) for ET-theory with Z/p-coefncients takes the form 

El = H-'(K,$<M) => K%(K,Z/p). 
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Indeed, since i^T-theory commutes with filtered colimits, this follows from 

K t (K,Z/p) = ^ t / 2 \ 

which is proved in Suslin's celebrated paper [43] or follows from Theorem 6.1.6 
above. Similarly, it follows also from Theorem 6.1.6 that the spectral se- 
quence (6.1.9) for topological cyclic homology takes the form 

E% = H- s {K^fW) => TC% t (A\K;p,Z/p). 

Finally, it is clear that the cyclotomic trace induces an isomorphism of 
i? 2 -terms. 

It remains to show that the map 

7 K :TCi(A\K;p,Z/p)-+TCt(A\K;p,Z/ P ) 

is an isomorphism for i > 0. The domain and range of 'Jk are abstractly 
isomorphic by Theorem 6.1.6. We must show that jk is an isomorphism for 
i > 0. By theorem 2.4.3 we may assume that [i p C K and that the residue 
field k is algebraically closed. When [i p C K, we have a commutative square 

TC e (A\K;p,Z/p)®»f ^^ TCf(A\K;p,Z/p)®vf s 



TC 2s+£ (A\K;p,Z/p) ^^ TCf s+£ (A\K;p,Z/p), 

and the vertical maps are isomorphisms for s > and < e < 1. Hence, it 
suffices to show that jk is an isomorphism in degrees and 1. And for k alge- 
braically closed, the term H 2 (K,/i p ) ^^ H 1 (k,Z/p) in degree zero vanishes. 
Thus the edge homomorphism of the spectral sequence (6.1.9), 

e K :TCf(A\K;p,Z/p) -> H°(K,Z/p), 

is an isomorphism, and since the composite 

TC (A\K;p,Z/p) ^ TCf{A\K-p,Z/p) ^ H°(K,Z/pZ) 

is an isomorphism, then so is jk- In degree one, we use the spectral se- 
quence (6.1.9) for topological cyclic homology with Qp/Z p -coefficients. As a 
Gft-module 

IhnTdiBl L;p,Q p /Z p ) ^- limlfi(L,Q p /Z p ) -^ K^K, Q p /Z p ) = fi p oo, 

L/K L/K 

and the composite 

TCi(A|K;p,Q p /Z p ) ^ TCf (A\K;p,Q p /Z p ) ^U H°{K,fi p oo) 
is an isomorphism. It follows that jk is an isomorphism in degree one. □ 
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Appendix A. Truncated polynomial algebras 

A.l. Let it = ttk £ A be a uniformizer and let e = ex be the ramification 
index. Then A/pA = fc[7r]/(7r e ). The structure of the topological Hochschild 
spectrum of this /c-algebra was examined in [18]. We recall the result. 

Let II = II e be the pointed monoid {0, 1, n, . . . , 7r e_1 } with base-point 
and with 7r e = such that A/p is the pointed monoid algebra A;(II) = 
fe[II]/A;{0}. Then we have from [19, Th. 7.1] a natural ^"-equivalence of 
T-spectra 

T(fc)A|iV. cy (n)| -^T(jfe(n)) 

defined as follows: Let C 6 ('Pfc(n)) be the category of bounded complexes of 
finitely generated projective /c(n)-modules and consider LT as a category with 
a single object and endomorphisms LT. The functor II — > C b (Vk(n))i which 
takes the unique object to fc(II) viewed as a complex concentrated in degree 
zero and which takes ir % € LT (resp. 6 LT) to multiplication by tx % £ fe(LT) (resp. 
€ fc(n)), induces 

|A. cy (H)| -> \N7(C b (V k{u) ))\ =T(A;(n))o,o, 

and then the desired map is given as the composite 

T(k) a |iv. cy (n)| -» r(jfe(n)) a r(ifc(n)) -^ r(fc(n)). 

Since k and II are commutative, the equivalence is multiplicative with com- 
ponent-wise multiplication on the left. In particular, the induced map on 
homotopy groups is an isomorphism of differential graded /c-algebras 

vr,(T(A;)A|A. cy (n)|)^7r,T(fc(n)), 

where the differential is given by Connes' operator (2.1.2). We give the re- 
alization |iV. cy (n)| the usual CW-structure, [33, Th. 14.1] (with the simplices 
A n and the disks D n identified through a compatible family of orientation- 
preserving homeomorphisms). Then the skeleton filtration gives a spectral 
sequence of differential graded fc-algebras 

E 2 s>t = n t T(k) ® H s (\N7(U)\;k) =* n s+t (T(k) A |iV. cy (II)|). 

The same statements are true for ordinary Hochschild homology. If k is a 
perfect field of characteristic p > 0, 7T* HH(fc) = k concentrated in degree zero 
(see e.g. [19, Lemma 5.5]). Hence, the spectral sequence collapses and the 
edge homomorphism gives an isomorphism of differential graded fc-algebras 

(A.1.1) vr*(HH(fc) A |iV. cy (n)|) -^ H,(\N7(U)\;k). 

The spectral sequence also collapses for T(k). Indeed, the inclusion of the zero- 
skeleton gives a map of ring spectra H(k) — > T(k) from the Eilenberg-MacLane 
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spectrum for k, so we have a multiplicative map 

(A.1.2) ir*T(k) ® H,(\N? y (U)\; k) -^ n*(T{k) A |A. cy (n)|) 

given as the composite of the external product 

ir*T(k) ® ir*(H(k) A |A. cy (n)|) -^ n*(T{k) A H(k) A |iV. cy (n)|) 

and the map induced from fi: T{k) A H{k) —> T{k). It follows that the spectral 
sequence collapses and that this map is an isomorphism of graded /c-algebras. 
However, the map H{k) — ► T(k) is not equivariant, so this isomorphism does 
not preserve the differential. 

Let iV*(fc(n)) be the normalized standard complex, [5, Chap. IX, §7]. The 
Kiinneth isomorphism determines an isomorphism of complexes 

fc(n) ® fc(n) e iv*(fc(n)) -^ c*(\N7(n)\; k), 

and since N*(k(Tl)) — > fe(II) is a resolution of fe(II) by free /c(IT) 6 -modules, we 
have a canonical isomorphism of graded fc-algebras 

Tor^ (n)e (fc(n),fc(n)) -^ #*(|A. cy (n)|;&). 

To evaluate this, we consider instead the resolution R*(k(U)) — ► k(U) of [14], 

R*(k(U)) = k(Tl) e ®A{ Cl }® T{c 2 }, 

where r{c2J is a divided power algebra and c 2 the d-th divided power of c 2 - 
An augmentation-preserving chain map g: R*(k(H)) — ► iV*(A;(II)) is given by 

^(c^) = ^l®x fc ° ®x®x fcl ®... ®x®x fcd , 

5(ci4 dl ) = ^1 ® x® x fc ° ® ... ® x® x fcd , 

where both sums run over tuples (ko, . . . , kd) with fco + ' ■ ■ + kd = d(e — 1) and 
< ki < e. (The summands with some ki = 0, for < i < d, are zero.) Hence, 
if e annihilates k, we have an isomorphism of differential graded /c-algebras 

(A.i.3) fc(n) ® A{ Cl } ® r{c 2 } ^+ #,(|iv. cy (n)|; k), 

where dn = c\ and dc 2 =0. The value of the differential is readily verified 
using the standard formula, [16, Prop. 1.4.6]. 

Proposition A. 1.4. Let k be a perfect field of characteristic p > and 
suppose p divides e. Then there is a canonical isomorphism, of differential 
graded k- algebras 

s{a} ® fc(n) ® A{ci} ® r{c 2 } ^+ 7r*r(fc(n)), 

where dir = c\ and d(c 2 ) = — (e/p)-ir e ^ 1 cic 2 o. 
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Proof. The map of the statement is given by the maps (A. 1.2) and (A. 1.3). 
Since both are isomorphisms of graded fc-algebras, it remains only to verify the 
differential structure. The formula for dn is clear since the edge homomorphism 

n q (T(k) A|iV. cy (n)|) - H q (\N7(U)\;k) 

is an isomorphism for q < 1 and commutes with the differential. But the proof 
of the formula for dc 2 is more involved and uses the calculation in [18, Th. B] 
of the homotopy type of the T-CW-complex |7V. cy (n)|. As cyclic sets 

(A.1.5) N? y (U)= \/ N7{U;s), 

s>0 

where the s-th summand has n-simplices (ir l °, ■ ■ ■ , n tn ) with io + . . . i n = s, and 
the realization decomposes accordingly. If we write s = de + r with < r < e 
then under the isomorphism of the statement 

..pwauv-mu.)!)-/ Txtii^y^'Si' ' ! , o<r<e - 

{ S{a\ (g> k{ir e c±c 2 ,c 2 }, if r = e. 

The formula we wish to prove involves the case r = e. In this case, [18, Th. B] 
gives a canonical triangle of T-CW-complexes 

T/C (d+1)+ A S V * ^ T/C s+ A S V * -U \N? y (U; s)\ -^ ST/C (d+1)+ A S v ", 

where Vd = C(l) © ... © C(d). If we form the smash product with T{k) and 
take homotopy groups, the triangle gives rise to a long-exact sequence, which 
we now describe. Let xo (resp. yo) be the class of the 0-cycle Cd+i/Cd+i (resp. 
C s /C s ) and let x\ (resp. yi, resp. z 2 d) be the fundamental class of T/Cd+i 
(resp. T/C s , resp. S Vd ). Then 

MTWAT/^AS"-)-! S{a}®k{x z 2d ,x lZ2d }, ifn = d + l, 

[ S{a\ ®k{y z 2 d,yiz 2d }, if n = s, 

and the differential is 7r ;(t T(fc)-linear and maps 

d(yoz 2 d) = (d+ l)yiz 2 d, d(yiz 2d ) = 0, 

d(x z 2 d) = sx 1 z 2 d, d(x 1 z 2d ) = 0. 

The induced maps in the long-exact sequence of homotopy groups associated 
with the triangle above all are 7r*T(/c)-linear and 

pr*(yo^2d) = x z 2 d, W*{vi z 2d) = exiz 2dl 

i*{xoz 2 d) = 0, i*{xiz 2d ) = 7T e_1 ci4 J , 

d*(ir e - l dir ■ c[ d] ) = 0, <9*(4 d+11 ) = -yiz 2d . 

The statements for the maps pr^ and z* are clear from the construction of the 
triangle in [18]. We verify the statement for the map 3*. To this end we first 
choose a cellular homotopy equivalence 

a:CpT ^\N7(U;s)\ 
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such that we have a map of triangles from the distinguished triangle given 
by the map pr to the triangle above. Since the cellular chain functor carries 
distinguished triangles of CW-complexes to distinguished triangles of chain 
complexes, we have 

0*(a*((O,yiz 2 d))) = yiz 2 d, 

OC*((xiZ2d,0)) = 7T e_1 ClC 2 J . 

Hence, it suffices to show that (X*((0,yiZ2d)) is homologous to — c 2 . To do 
this, we consider the diagram 

H 2d+2 (\N7(U;s)\;Z/p) ^ H 2d+1 (\N? y (U;s)\;Z) 
T T 

H2d+2(C pi ;Ii/p) "-^ i?2d+i(C pr ;Z) 

with injective horizontal maps. A straightforward calculation shows that (on 
the level of chains) the top Bockstein takes c 2 to {e / p)TT e ~ 1 c\c 2 and the 
bottom Bockstein takes (0, yiZ2d) to — {e/p)x\z 2 d- We have already noted that 
the right-hand vertical map takes (x\Z2d,fy to 7T e-1 cic 2 . This completes the 
proof of the stated formula for <9* . 

We now prove the formula for d(c 2 ) . First note that we can write 

d(c 2 d] ) = d 1 (c[ d] ) + d 2 (c 2 d] ), 

where d\ (resp. d 2 ) is defined in same way as d but with T acting in the first 
(resp. second) smash factor of T(k) A |-/V. cy (LT; s)\ only. Since the differential d 2 
commutes with the isomorphism 

ir*T(k) H4\N? y (U; s)\; k) ^ w*(T(k) A |iV. cy (n ; s)|), 

we find that d 2 (c2 ) = 0. Hence, we can ignore the T-action on |iV. cy (n; s)\. 
We have a map of triangles of (nonequivariant) CW-complexes 

T/C {d+1)+ A S v * -^ T/C s+ A S v * -U C pr -^ ST/C (rf+1)+ A S v * 

S 2d+1 S^+le S 2 d+ 1 X 2d+1 i ^2d+l Me ~X 2d+1 p s 2d+2 

such that /* (resp. g*) maps X\z 2 d (resp. y\z 2d ) to the fundamental class of 
S 2d+1 . Hence, it suffices to show that the image of — /i*((0, yiz 2 d)) = 1 -susp(e) 
under 

d: ir 2q+ 2(T(k) A S 2d+1 M e ) -» n 2q+ 3(T(k) A S 2d+1 M e ) 
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is equal to — (e/p)a ■ susp(l) = — (e/p)h*((xiz 2( i,0)). To this end, we consider 
the diagram 

7ri(M e A T(k)) ^!P,vr 2d+2 (S M+1 M e A T{k)) ^^ n 2d+2 (T(k) A S M+1 M e ) 

[ d (- 1 ) [ d [ d 

7r 2 (M e A T(k)) ^^ 7r 2d+3 (S 2d+1 M e A T(k)) ^^ 7r 2d+3 (T(k) A K* 1 ^), 

which commutes up to the indicated sign. By the definition of the class a, the 
left-hand vertical map takes e ■ 1 to (e/p)l • <r. Hence, the right-hand vertical 
map takes 1 • susp(e) to — {e/p)o~ ■ susp(l). The stated formula for d(c 2 ) 
follows. □ 

Addendum A. 1.6. The nonzero differentials in the spectral sequence 

E 2 (C p n,T(k(U))) = AK,ci,e}0 5{t ±1 ,a,7r}/(7r e )^r{c 2 } 

=► 7f»(H(C p n,T(fc(n)))) 

are generated from d 2 e = tcr, d 2 ir = tc±, and d 2 c 2 = — (e/p)t7r e ~ 1 cic 2 o~. 

Proof. The ^-differential is given by Propositions 4.4.3 and A. 1.4. It 
remains only to show that the higher differentials d r , r > 3, vanish. The 
decomposition of cyclic sets (A. 1.5) induces one of spectral sequences. And if 
we write s = de + r with < r < e, then the .E 3 -term of the s-th summand is 
concentrated on the lines E^ d and E^ d+1 , if < r < e, and on the lines Ef d+1 
and Ef d+2 , if r = e. In either case, all further differentials must be zero for 
degree reasons. □ 

Proposition A. 1.7. Let n < v p (e). The images of n n and ttJ by the 
map 

f:7f,(T(A:(n)) C7 p"- 1 ) - vf,(H(C7 p n,T(fc(n)))) 

are represented in the spectral sequence E*(C p n,T(k(Tl))) by the infinite cycles 
TT pn and tc 2 , if v p (e) > n, and by ir pn and — (e/p n )iti7r e_1 Ci, if v p (e) = n. 

Proof. The statement only involves the summand |A. cy (II, e)|. We con- 
sider the map of spectral sequences induced from the linearization map, 

k:E*(C p n,T(k) A |iV. cy (n,e)|) -» E* (C p n ,HH(fc) A |A. cy (II, e)|). 

In the left-hand spectral sequence, E s = E°°, and in the right-hand spectral 
sequence, E 2 = E°° . The induced map of i?°°-terms may be identified with 
the canonical inclusion 

A{u n } <g> S^ 1 } k{TT e - 1 ci,c 2 + £ ■ (e/p)ir e - l ci} 
^ A{u n , e} (g> S{t ±] -} <g> k{n e ~ l ci,c 2 }. 
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Since the map is injective, it suffices to show that l*(T{jLn )) is represented in 
the sequence on the right by — -u ra 7r e ~ 1 ci, if v p (e) = n, and by tc2, if v p (e) > n. 
In the proof of this, we shall use the notation and results of Sections 4.2 and 4.3 
above. 

We have from [3, §1] the T-equivariant homeomorphism 

D:\sd p n N? y (II, e)| ^+ |A cy (n,e)|, 

where on the left, the action by the subgroup C p « C T is induced from a 
simplicial C p n-action. It follows that this space has a canonical C p n-CW- 
structure, and the homeomorphism D then defines a C p n-CW-structure on 
|iV. cy (II, e)|. We fix, as in the proof of Proposition A. 1.4, a cellular homotopy 
equivalence 

a:C pr ^|iV. cy (II, e )| 

with the C p n -CW-structure on C pr induced from the C p n-CW-structure of T = 
S(C) = E\ given in Section 4.4 above. The cellular complex C* = C*(C pr ;k) 
is canonically identified with the complex 

k[C p n}-(0, Xl ) -^k-(x 1 ,0)®k[C p n]-(0,x o ) -?->k-(xo,0), 

where <5((0, xi)) = -(e/p n )(x 1 ,0)-(g-l)(0, x ), 5((x u 0)) = 0, and <5((0, x )) = 
— (xo,0). One shows as in the proof of Proposition A. 1.4 that the cycles 
a*((xi, 0)) and a*(iV(0, x\)) represent the classes TT e ~ 1 c\ and — C2, respectively. 

We now turn to the spectral sequence E* = E*(C p n, HH(fc) A C pr ). There 
are canonical isomorphisms of complexes 

E\ t ^{P® Hom(P, 7f t (HH(A;) A C w ))f^ 9* (P ® Hom(P, H t {C*))) c * n 

with the left-hand isomorphism given by Lemma 4.3.4 and the right-hand 
isomorphism by (A. 1.1). We claim that in fact 

(A.1.8) 7f*(M(C p n,HH(/e) A C pr )) ^ff t ((P®Hom(P,C,)p) 

and that the spectral sequence E* is canonically isomorphic to the one asso- 
ciated with the double complex on the right. To see this, we filter M p , E, E, 
and C pr by the skeletons. We get, as in Section 4.3, a conditionally convergent 
spectral sequence 

E\ t = ff s ((P®Hom(P,^HH(fc)®a)p) => it s+t (M(C p n,HH(k) A C pr )), 

which collapses since 7Tj HH(fc) vanishes for t > 0. The edge homomorphism 
gives the desired isomorphism. Moreover, under this isomorphism, the filtra- 
tion of E and E, which gives rise to the spectral sequence E* , corresponds 
to the filtration of the complexes P and P. Tracing through the defini- 
tions, one readily sees that the class U{T{ttJ )) is represented by the ele- 
ment yo <S> Nxq <S) (xq ,0) E Eq . To finish the proof, we note that in the total 
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complex (A. 1.8), 

S(N(y ®xl® (0, si) - y x* (0, x ))) 

= y <8> iV^o <8i (so, 0) + y ® Nx* 2 ® JV(0, xi) + (e/p n )y <8> ATajJ ® (xi, 0), 

e ln n 

and in the lower line, the first summand represents £*(r(7r n ' )), the second 
— tc2, and the third [e/p n )u n Ti e ~ l C\. The statement follows, since — tc-i and 
u n TT e ~ l c\ are not boundaries. D 
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